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PREFACE 

The Department of E l e c t r i c a l  Engineering, Space Physics Research Labo- 

r a t o r y  of The Universi ty  of Michigan has been f o r  many years a c t i v e l y  en- 

gaged i n  var ious aspec ts  of  atmospheric research by rocket-borne techniques.  

A s  a resu l t  of t h i s  work much has been added t o  our  present  day knowledge 

of  t h e  e a r t h ' s  upper atmosphere. 

and understanding of t h e  upper atmosphere, rare and more emphasis i s  being 

placed upon accuracy, bas i c  understanding, and speed of processing of' exper- 

i m e n t a l  da ta  obtained from atmospheric measurements. 

Because of t h i s  ever increasing knowledge 

Thus, t he  purpose of t h i s  paper s h a l l  be twofold. F i r s t ,  it w i l l  serve 

t o  b r i e f l y  introduce those persons involved i n  the  data-reduction e f f o r t  of 

t h e  research program of  t h i s  laboratory t o  t h e  terminology and nature  of the 

upper atmosphere as it i s  known today. Second, it s h a l l  develop i n  d e t a i l  

t h e  theory,  equations,  conversions, and t ransformation required i n  t h e  data-  

processing e f f o r t  f o r  t h i s  research program. 

Thus, it i s  hoped t h a t  t h i s  paper w i l l  bridge t h e  gap between the  vary- 

i n g  technica l  backgrounds of  those persons involved i n  t h i s  most important 

work and the  t echn ica l  background required,  thereby increasing the speed and 

accuracy of the  da ta  processing of  any subsequent f l i g h t s  o f  rocket-borne 

upper-atmosphere probes. 
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CHAFTER I 

THE UPPER ATMOSPHERE AS IT APPEARS TODAY 

1.1 BASIS OF OUR KNOWLEDGE OF THE UPPER ATMOSPHERE 

Although research on the upper atmosphere does antedate the Twentieth 

Century, current knowledge about the upper air comes primarily from work done 

during the past 50 years. Within this relatively short period of time the 

atmosphere has revealed itself as a very complex and stimulating object of 

study, and calls upon an impressive number and variety of techniques in its 

investigation. Modern high-altitude research is a major field of endeavor 

claiming the attention of many well-known scientists throughout the world. 

One of the most challenging features of the upper atmosphere has been, 

and is, its inaccessability. This challenge has brought about two lines of 

attack. First, there have been devised a great many indirect* methods of 

studying the atmosphere and associated phenomena in terms of observations made 

at the earth's surface. Second, means have been sought to make the upper re- 

gions accessible, such as balloon, rocket, and satellite-borne probes. The 

latter two approaches, in which we are most interested, have met with a great 

deal of success in recent years. 3 -5 

Before the advent of the rocket-borne probe, most upper atmosphere meas- 

urements were obtained by earth-bound observation of atmospheric-spectra, 

meteor trails, sound propagation, and by investigation of aurorae and the 

*Indirect shall refer to measurements made entirely by earth-bound observation. 
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earth's magnetic field. 

inferences have been drawn about the structure, composition, and electrical 

properties of the high atmosphere. 

problem have long been supplemented by the direct approach of making measure- 

ments with balloon-borne instruments, and most recently (within the past 20 

years) rocket-borne instruments have extended the direct approach much beyond 

the balloon ceiling of about 30 km to over 1,000 km. 

From the above and various theoretical studies, many 

These early indirect attacks upon the 

1.2 TIXE REGIONS OF THE ATMOSPHERE 

The lowest portion of the atmosphere is referred to as the troposphere. 

It is in this region that the ordinary meteorological processes occur (rain, 

snow, hurricanes, tornadoes, monsoons, etc.). One might say it is the "weather 

sphere." Starting at the ground, the temperature and pressure decreases with 

height until a minimum temperature is reached at what is called the tropo- 

pause. 4,5 The height of the tropopause is, of course, variable and ranges 

from approximately 6 km above the poles of the earth to approximately 18 km 

above the equator. In the middle latitudes (Central United States) its height 

is roughly 12 km. 

Above the troposphere and the tropopause lies the so-called stratosphere, 

so-called because in the early part of this century this region was thought to 

be isothermal (constant temperature) and quiet, and hence stratified (sepa- 

rated into distinct layers). 

there does exist an almost isothermal region of 10 or more km in thickness, 

but it is found that over the equator there is a very sharp temperature inver- 

sion at the tropopause. In recent times, the stratosphere has come to be that 

In the higher latitudes (over Northern Canada) 
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por t ion  of t h e  atmosphere between 18 and 50 km with a s t ra topause occurr ing 

a t  approximately 50 km. 

Continuing beyond the  s t ra tosphere there  i s  the  upper atmosphere. I n  t h e  

not too d i s t a n t  pas t  t h i s  phrase has been used t o  denote the region of the  

atmosphere above 30 km ( i n  general, t h e  maximum a t t a i n a b l e  a l t i t u d e  of bal- 

loon-borne probes) .  It i s  most c o m n  today, however, t o  denote a middle a t -  

mosphere o r  mesosphere which extends above the  s t ra topause from 50 t o  approx- 

imately 85 km with a mesopause occurring a t  about 85 km, and an exosphere o r  

more r ecen t ly  named the  thermosphere, a t  the very t o p  where the  most s i g n i f i -  

can t  heat ing of t he  atmosphere occws.  Here the atmospheric dens i ty  i s  so 

low t h a t  atmospheric p a r t i c l e s  r i s e  and f a l l  without c o l l i s i o n  i n  e l l i p t i c  

paths  under the  inf luence of gravi ty  o r  following parabol ic  and hyperbolic 

t r a j e c t o r i e s ,  they  w i l l  escape from the  e a r t h  e n t i r e l y .  Thus, the thermosphere 

(exosphere) i s  accordingly the  fr inge region between the atmosphere and i n t e r -  

p lane tary  space. The prec ise  loca t ion  of the  upper edge of the  thermosphere 

i s  of  considerable i n t e r e s t  and i s  a t  present  not well-known by v i r tue  of i t s  

very nature ,  but  it i s  believed t o  extend well  above 400 km. 

1.3 SOME PROPERTIES OF THE ATMOSPIWE 

1.3.1 Sea Level 

A t  the  surface of t h e  ea r th ,  the following observations of the atmosphere 

have been made. The average composition of d ry  a i r  a t  sea l e v e l  i s  given i n  

Table I. 7 
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TABLE I 

PERCENTAGE BY VOLUME OF ATMOSPHERIC GASES AT SEA LEVEL 
(Dry A i r )  

Molecular Nitrogen ( N 2 )  78.084% 

Ozone (03) 0-o.000007~ 
Argon ( A r  ) 0 - 934% 

Molecular Hydrogen (H2 1 o.00005~ 

Neon (Ne) 0.001818% 

Molecular 0 xyge n (02 1 20.9476% 

Carbon Dioxide (co2 ) 0.0314% 

H e l i u m  (He) 0.000524% 

Krypton ( K r )  0.000114% 
Nitrous Oxide (N20 0.0005% 

Xenon ( x e )  o.0000087~ 
Methane (CH4 ) 0.0002$ 

The a c t u a l  composition a t  ground l e v e l  i s  observed t o  vary s l i g h t l y  from 

t h e  above with both pos i t ion  on the surface of t he  e a r t h  and time, and v a r i -  

ab le  amounts of water vapor a r e  always present .  

pressure,  temperature, and dens i ty  adopted i n  Ref. 7 a r e  as follows: 

The sea l e v e l  values of  

P, - 1.01325 x lo5 nt/h* 

760 mm Hg 

po - 1.2250 kg/m3 

To - 288.150"~ . 

The temperature, pressure,  and dens i ty  a t  the e a r t h ' s  surface a r e  a l s o  

var iab le  with posi t ion and time but  the  extremes of va r i a t ion  about a mean 

value a r e  qui te  l imited on an absolute  sca l e .  The extreme va r i a t ion  i n  ground- 

1 
I 
I 
i 
I 
1 
1 
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level temperature is of the order of 15% of the mean in the middle latitudes 

and the deviation of atmospheric pressure and density are limited to a very 

small percent of the mean. 

1.3.2 Temperature Variation With Altitude 

Starting at sea level, temperature and pressure decrease almost, but not 

quite adiabatically with height through the troposphere until the temperature 

minimum of between approximately 200 and 230°K is reached at the tropopause, 

whose exact altitude and temperature value is variable with time and position 

over the earth. 

The stratosphere exhibits a nearly constant temperature over an altitude 

region which is also variable with time and position. 

Immediately above the stratosphere the atmospheric gases are heated by 

solar ultraviolet energy absorbed in the atmospheric ozone which is formed 

from atmospheric molecular oxygen by photochemical processes at the top of a 

layer sometimes called the ozonosphere which lies between 20 and 50 km. This 

heating causes a rise in temperature from the cold stratospheric value to a 

maximum of about 270°K at an altitude of approximately 50 km (the stratopause). 

Thereafter, the temperature falls again to a low value of the order of 200°K 

in the neighborhood of 80 km (mesopause). 

thermosphere the temperature rises again until it reaches an isothermal value 

of as low as 800"~ at an altitude of approximately 200 km 8 during the quiet 

sun and as high as 1200-1300°K during the maximum solar activity. 

nature of this heating process is not well known at present. However, several 

theoretical and experimental studies of the various physicochemical processes 

At still higher altitudes in the 

The exact 
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of this part of the atmosphere are being carried out with hopes that a proper 

explanation of the heating process will be determined. 

illustrates the various regions and temperature values of the atmosphere. 

Figure 1.1 graphically 

1.3.3 Variation of Atmospheric Pressure and Density With Altitude 

Pressures and densities fall off roughly exponentially with altitude from 

sea level up to an altitude of approximately 110 km. 

pressed mathematically by 

This fact may by ex- 

P 

Equations (1.1) and (1.2) are strictly correct if B(T) is considered constant 

for a small range in altitude where the atmospheric temperature may be con- 

sidered constant. 

for which E q s .  (1.1) and (1.2) shows that all but approximately 35% of the 

total mass of the atmosphere lies below 9.6 km. 

pressure and density is still exponential; however, the rates of decrease of 

these parameters is observed to be much less than at the lower altitudes. 

An approximate value at sea level of 2B(T)g0 is 1/9.6 km-’ 

Above 110 km the decrease of 

A good mnemonic is that up to 110 km both pressure and density are di- 

vided by 10 for every 1 0 - m i l e  increase in altitude. A l s e ,  if pressure is ex- 

pressed in millimeters of mercury (mm Hg) and density in grams per cubic 

meter, the numerical values of the two at a given altitude are about the same. 

1.3.4 Electrical Properties of the Upper Atmosphere 

The atmosphere may also be subdivided according to its electrical proper- 

6 
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t i e s .  From t h i s  po in t  of view, the  ionosphere i s  t h a t  por t ion  of t he  atmos- 

phere i n  which s ign i f i can t  numbers of t he  cons t i tuent  p a r t i c l e s  are charged. 

The t o t a l  ion iza t ion  i n  the  ionosphere va r i e s  from a l t i t u d e  t o  a l t i t u d e  and 

severa l  well-pronounced maxima are found. The f irst ,  o r  lowest a l t i t u d e ,  of 

these  l aye r s  which i s  sometimes found i n  the  neighborhood of 60 km i s  t h e  D- 

region.  This region i s  of ten  associated with s t rong  rad io  fadeouts .  Next i n  

a l t i t u d e  are the  E- and F-regions which are t h e  most familiar and most i m -  

por tan t  p a r t s  of t h e  ionosphere.' 

l aye r s  designated by F1 and F2, which a t  night  coalesce.  The E-region d i -  

minishes a t  night and during t h e  day may sometimes exh ib i t  two l a y e r s ,  El and 

E2. From ground-based radio propagation s tud ie s  and e j ec t ab le  e l e c t r o s t a t i c -  

probe experiments t he  approximate height  of t h e  m a x i m u m  ion iza t ion  i n  t h e  E- 

region i s  placed somewhere between 90 and 120 km, t h a t  of F1 appears a t  about 

175 km, with tha t  o f  F2 a t  approximately 300 km. Sudden in tense  clouds of 

ion iza t ion  o f t en  appear within the  E-region and are r e fe r r ed  t o  as sporadic 

E. 

cause of the  ion iza t ion  o f  t he  sporadic E. The d i r e c t  measur'ement of  t h e  prop- 

e r t i e s  of t h e  ionosphere i s  r e l a t i v e l y  young and i s  t h e  subjec t  of an  in t ense  

research e f f o r t  by many l abora to r i e s  including the  Space Physics Research Lab- 

ora tory .  

During the  day t h e  F-region contains  two 

Their cause is  not well-known, but  it i s  bel ieved t h a t  meteors may be one 

1.3.5 Winds i n  the Upper Atmosphere 

Many observations by var ious techniques (long-enduring meteor t r a i n s ,  

radar-chaff,  sodium vapor t r a i l s ,  e t c . )  i nd ica t e  the  exis tence of  winds i n  t h e  

upper atmosphere. These observat ions show t h a t  ad jacent  l aye r s  i n  the  high 

a 



atmosphere often have winds of quite different speeds and directions. 

cal components are also observed in some of the winds. 

Verti- 

These high-altitude 

winds sometimes exhibit velocities of several hundred kilometers per hour with 

average values between 100 and 200 km/hr. Radar studies of  meteor trails con- 

firm and supplement visual observations and extend the results to much higher 

altitudes .lo 

worked out but results are still fragmentary. 

Rocket-borne techniques for measuring wind are presently being 

One notable characteristic of 

high-altitude winds is their seeming correspondence to and dependence on the 

atmospheric temperature profile.’’ It is found that at points of temperature 

inversion wind shears between adjacent layers are usually present and of a 

very violent nature. 

1.4 CONCLUDING RFSIARKS 

It is realized that the foregoing descriptive treatment of the atmosphere 

has been very general and has offered little in the way of explanation as to 

the cause of the observed phenomena. It is hoped, however, that it has served 

to stimulate the interest of the reader in the subject and give some basis for 

further study. To pursue this study, the interested reader is referred to 

the references at the end of this chapter. 
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CHAPTER I1 
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A COMPARISON AND BRIEF DESCRIPTION OF UPPE3 

ATMOSPHERE NEUTRAL PARTICLE MEASUREMENTS 

2.1 CLASSIFICATION OF NEUTRAL UPPER ATMOSPHERF: MEASLXmWS 

In the investigation of the neutral upper atmosphere the parameters of 

interest to the experimenter are ambient pressure, temperature, density, and 

mass motion or wind in the atmosphere. Thus, the study of the upper atmos- 

phere by rocket-borne techniques has brought about many different approaches 

to the design and implementation of neutral particle measurements. Among the 

m r e  common theoretical approaches taken in the problem of experiment design 

are those involving the theory of sound propagation, the theory of gaseous 

diffusion and dispersion, and basic aerodynamic theory. Thus, experiments 

which yield measurements of the parameters of the neutral upper atmosphere 

may be classified according to the theoretical concepts upon which they are 

based. As will be seen, these experiments involve straightforward applica- 

tions of well-known theoretical concepts or simple extensions of these well- 

known ideas and will fall into the categories mentioned above. 

2.2 COMMON NEUTRAL PARTICLE EXPERIMENTS 

A s  indicated, several rocket-borne techniques have proved very useful in 

the direct measurement of the upper atmosphere above balloon altitudes. 

the more successful of these is the rocket-grenade experiment which is based 

on the theory of sound propagation in a gaseous media such as the atmosphere 

Among 
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and is well suited to determining an average temperature profile in the upper 

atmosphere. 

A second technique, which has been highly successful and is well adapted 

to the measurement of winds, is the sodium release experiment which is based 

on gaseous diffusion and dispersion of a sodium vapor trail left by an as- 

cending rocket under the influence of atmospheric wind. 

A third experiment which is based on aerodynamic theory involves the meas- 

urement of the atmospheric drag on a sphere which is ejected from an ascending 

rocket and allowed to fall freely back to earth. 

encountered by the falling sphere leads to the determination of atmospheric 

density . 

The measurement of the drag 

A fourth technique, the Pitot-static probe, also based on aerodynamic 

theory, uses pressure measurements made at suitable points on a rocket sur- 

face to obtain the ambient pressure, temperature, and density in the upper 

stratosphere, mesosphere, and lower thermosphere. 

A fifth experimental approach based on aerodynamic theory and particu- 

larly well suited to determination of ambient pressure, temperature, and 

density at very high altitudes is the thermosphere probe. This device makes 

use of a cyclic pressure measurement at a suitable point on a tumbling cylin- 

drical probe ejected from an ascending rocket vehicle. 

2.3 DESCRIPTION OF COMMON NEWRAL PARTICLE EXPERIMENT 

2.3.1 The Rocket Grenade Experiment 

In this experiment,’ which is based on the speed of propagation of sound 
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through the  atmosphere, it i s  assumed t h a t  the  r a t i o  of s p e c i f i c  heat  a t  con- 

s t a n t  pressure t o  t h a t  a t  constant volume, and the average molecular mass o r  

composition of the  atmosphere remains e s s e n t i a l l y  unchanged with a l t i t u d e  up 

t o  approximately 9 km. Under these conditions it i s  well-known t h a t  the 

speed of a sound wave t r a v e l i n g  through the  atmosphere i s  a funct ion only of 

t h e  atmospheric temperature .2 

r e t i c a l  b a s i s  of t he  rocket-grenade experiment which leads  t o  a determination 

of an  average upper atmosphere temperature p r o f i l e .  

This func t iona l  r e l a t ionsh ip  forms the  theo- 

The implementation of t h i s  experiment requi res  t h a t  grenades be e jec ted  

from a f l y i n g  rocket and exploded a t  high a l t i t u d e .  Both the  times and loca-  

t i o n s  i n  space of  the  explosions are  accura te ly  measured. The time of ar- 

r i v a l  of the  sound from each grenade a t  the e a r t h ' s  surface i s  a l s o  measured 

accura te ly  a t  each of s eve ra l  l i s t e n i n g  s t a t i o n s  arranged on the  ground d i -  

r e c t l y  below the  rocket .  

I n  the  i d e a l  case,  a l l  grenades would be exploded d i r e c t l y  above a l i s t e n -  

ing s t a t i o n ,  the sound t r a v e l i n g  v e r t i c a l l y  downward t o  the recording point  

or l i s t e n i n g  s t a t i o n .  Thus, if A is a l i s t e n i n g  s t a t i o n  on the  ground, B a 

poin t  of explosion v e r t i c a l l y  above A ,  and C t he  pos i t i on  of a second explo- 

s ion  v e r t i c a l l y  above B, then the  sound path from C t o  A would overlap t h a t  

of B t o  A along EA. The t r a n s i t  t i m e  of t he  sound wave from the second explo- 

s ion  minus t h a t  of t h e  wave from the f i r s t ,  would then  give the  t r a n s i t  t i m e  

from B t o  C .  This t r a n s i t  t i m e  could then be used along with t h e  known d i s -  

tance between B and C t o  ca lcu la te  t h e  average ve loc i ty  of sound on the path 

BC, from which, through the  theo re t i ca l  r e l a t i o n  between speed of sound and 

13 



temperature, and average temperature between B and C can be derived, 

The practical implementation of the experiment, however, departs from 

the above idealized situation. 

eral degrees away from the vertical over the listening stations. In this real 

case, the sound wave undergoes continuous refraction (turning) on its way 

downward toward the recording point, and accordingly follows a curved rather 

than straight path from the point of explosion to the listening point. In 

such a case, the various sound paths do not overlap thus making the use of 

other more limiting assumptions necessary in the derivation of the average 

temperature profile from this technique. 

The explosion points may be displaced by sev- 

There is, in addition to the above practical limitation, still another 

effect which must be considered. It is known that appreciable atmospheric 

winds exist at various altitudes along the sound path. Wind components along 

the path change the apparent velocity of sound, whereas components of wind 

perpendicular to the path alter its curvature. Thus, if not corrected for, 

winds can introduce errors into the determination of air temperatures. 

Since winds have a directional effect, their influence on the sound path 

can be separated from that of temperature by measuring not only the times but 

also angles of arrival of the sound at the various listening stations. With 

such data and balloon determination of wind and temperature t,o as high an al- 

titude as possible, the still higher altitude winds can be estimated and taken 

into account as a correction factor in the determination of temperature by the 

rocket grenade technique. 

This experiment has been flown many times by various experimenters with 
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great success in determining average atmospheric 

altitude of approximately 93 km where it becomes 

temperature profiles to an 

very difficult to receive 

the sound from the grenade burst because of atmospheric attenuation of the 

sound wave. Also, the experiment has, with some degree of success, given an 

estimate of atmospheric winds in the upper regions to approximately 9 km. 

2.3.2 The Sodium Release Experiment 

As mentioned earlier, this experiment is used in determining upper at- 

mosphere wind profiles. 

The implementation of this technique requires that a rocket nose cone be 

equipped with a canister containing sodium metal and a remotely controlled re- 

lease valve. As the ascending rocket reaches the altitude at which measure- 

ment is to commence, the valve in the canister is opened, thus allowing the 

sodium to escape into the rare atmosphere where the sodium vaporizes pro- 

ducing a continuous trail of sodium vapor behind the rocket vehicle. This 

trail is then very accurately photographed from the ground by several pre- 

cision motion picture cameras from several different locations. Thus, by 

comparison of the various films a triangulation scheme is used to determine 

the rate and direction of the dispersion of the sodium vapor trail which 

yields a direct determination of the upper atmosphere wind which caused the 

dispersion. 

A great number of these experiments have been used and have added much 

to our present-day knowledge of the upper atmosphere winds to altitudes well 

in excess of 200 km. 

This technique, because of its dependence upon ground based photography 
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for data acquisition is severely limited for a number of reasons. First, a 

very accurately surveyed launch area is required for the triangulation pro- 

cedure used in data analysis. Second, in order to assure data acquisition, 

very severe limits are placed upon allowable cloud cover. 

adequate and proper illumination of the vapor trail, launchings must be sched- 

uled for either sunset or sunrise. 

Finally, to assure 

2.3.3 The Falling Sphere Experiment 

The theoretical basis for this experiment is found in basic aerodynamics; 

for it is well known that the drag force encountered by a body moving through 

a fluid media is a direct function of the fluid density, the square of the 

relative velocity, and the shape of the body. Mathematically this expression 

would be 
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where 

D is the drag force 

p is the fluid density 

V is the relative velocity 

(11.1) 

CD is a dimensionless drag coefficient (a function primarily of the body 
shape 1 

S is the cross-sectional area of the body. 

In addition to this, Newton's second law of motion states that the sum 

of the forces acting on a body is equal to the product of the mass of the 

body and its net acceleration, or: 
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dV D - m g  = m -  
dt 

(11.2) 

where 

D is the drag force 

m is the mass of the body 

g is the acceleration due to gravity 

dV - is the rate of change of velocity with respect to time or acceleration. 
at 

Now combining Eqs .  (11.1) and (11.2) and solving 

Thus, Eq. (11.3) gives a precise mathematical statement of atmospheric density 

in terms of known quantities m, g, CD, and S, and quantities to be measured, 

V, and dV/dt . 

The implementation of the experiment is carried out by ejecting a spherical 

body, whose drag coefficients, cross-sectional area, and mass is known, from 

an ascending rocket and allowed to fall freely back to earth. During the 

period of free fall the velocity altitude and acceleration of the sphere 

are carefully determined. The velocity and altitude are determined by ground- 

based radar tracking and the acceleration is determined by an on-board accel- 

erometer in the case of the active falling sphere, or by differentiation of 

the velocity time profile from radar in the case of the passive falling sphere. 

Through the use of Eq. (11.3) and the velocity-acceleration profile, the 

atmospheric density as a function of altitude may be deduced. 

It is easily seen that the falling sphere experiment is very modest in 
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its requirement of ground support equipment and thus highly portable. 

This experiment has been used extensively with good results and is pres- 

ently limited to a maximum altitude of approximately 100 km where, owing to 

the insensitivity of the device to extremely small drag forces, and inade- 

quate understanding of the very low density drag coefficients, the derived 

densities are apparently meaningless. 

2.4  PURELY AERODYNAMIC UPPER ATMOSPHERIC MEASUREMEWS 

As with the development of any physical science the need for ever in- 

creasing range of measurement and basic accuracy imposes itself on those in- 

volved in the science. The Pitot-static probe and the thermosphere probe 

have been de~eloped,~’~ to this end, through the pioneering efforts of the 

Naval Research Laboratories, NASA, and The University of Michigan. 

The Pitot-static probe and thermosphere probe techniques are based upon 

a purely aerodynamic approach to the measurement of pressure, temperature, 

and density in the upper atmosphere, and is the subject of subsequent chap- 

ters of this report. In these following chapters a detailed development of 

the theory, implementation, and subsequent data analysis for the pitot- 

static probe will be given. 
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CHAPTER 111 

THEORY OF AERODYNAMIC UPPER ATMOSPHERE 

NEUTRAL PARTICLE MEASUREMENT 

3.1 INTRODUCTION 

I n  t h i s  chapter the theo re t i ca l  bas i s  f o r  t he  i n t e r p r e t a t i o n  of aerody- 

namic pressure measurements made a t  s u i t a b l e  poin ts  on a rocket-borne probe 

surface i n  terms of t he  ambient propert ies  of t he  upper atmosphere w i l l  be 

discussed and the governing equations developed. 

veloped i n  d e t a i l  s t a r t i n g  with well-known aerodynamic and gas 

cepts ,  with t h i s  development leading t o  general  equations which a r e  r e a d i l y  

spec ia l ized  t o  the i n t e r p r e t a t i o n  o f  a measured quant i ty  i n  terms of one or 

more of t h e  desired proper t ies  of the  atmosphere. 

These equations w i l l  be de- 

dynamical con- 

I n  l i g h t  of the above, ce r t a in  models of the gaseous media which i s  known 

as the  upper atmosphere must be presented, and a mathematical ana lys i s  of t h i s  

model made. The r e s u l t s  of such analysis  leads then t o  the des i red  concepts 

and governing equations.  

To f a c i l i t a t e  the readers '  understanding of the next f e w  sec t ions ,  the 

following de f in i t i ons  of important terms a r e  presented. 

1. Density.-The t o t a l  mass o f  the  molecules i n  a u n i t  volume i s  defined 

as t h e  dens i ty  of t he  gas. 

acce le ra t ion  of grav i ty .  

Mass is defined as weight divided by the  l o c a l  

2 .  Pressure.-When molecules s t r i k e  a surface,  they rebound; and, by 

Newton's l a w ,  the  surface experiences a force equal and opposite t o  t h e  t i m e  
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rate o f  change of momentum of the rebounding molecules. Pressure i s  defined 

as the  force  per u n i t  a r ea  exerted on a surface immersed i n  the  f l u i d .  Be- 

cause t h e  molecular bombardment of the  surface i s  considered pe r fec t ly  F l a s -  

t i c  we have a f i r s t  important r e s u l t :  f l u i d  pressurE az t s  normal t o  a s u r -  

face .  A s  w i l l  be shown i n  a l a t e r  sec t ion  a secQnd important r e s u l t  concern- 

i ng  f l u i d  pressure i s :  the  pressure i s  prop3rt ional  t o  the kineti :  energy of 

t he  random motion per  u n i t  volume. 

3. Temperature.-According t o  the  k i n e t i c  theory  of gases,  the  absolute  

temperature i s  defined t o  be proport ional  t o  the  mean k ine t i c  energy of  the 

molecules. I t  w i l l  a l s o  be shown t o  be in t e rp re t ed  i n  terms qf t h e  F c p a t i 3 n  

of S t a t e  f o r  an  idea l  gas as 

P = pRT 

where P and p are  the  pressure and densi ty ,  R i s  the  gas constant  per  u n i t  

mass, and T i s  the absolute  temperature. Thus, fc3r systems i n  which thF 

dens i ty  remains constant,  such as the add i t ion  o f  h e a t ,  tha,t increase i n  

k i n e t i c  energy of random motion w i l l  increase the  temperature and pressure 

by proport ional  amounts 

3.2 THE EQUATION OF STATE AND MEAN FREE PATH 

3.2.1 The Maxwell-Boltzmann Veloci ty  Di s t r ibu t ion  Law 

A s  has been shown t h e  e a r t h ' s  atmosphere cons i s t s  of a gasenus mixture 

of severa l  cons t i tuents  and exh ib i t s  c e r t a i n  measurable proper t ies  such as 

pressure,  temperature, densi ty ,  e t c .  I n  order t o  f u r t h e r  understand these 

proper t ies ,  a theo re t i ca l  model has been pos tu la ted  and seve ra l  of these  
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known properties have been linked together on the basis of this theoretical 

model. 

measurements, these concepts must be called upon. The first of these shall 

be the concept of a molecular velocity distribution function. 

In order to set down a concrete theory for aerodynamic atmospheric 

A s  a good approximation to the actual gaseous atmosphere let us con- 

sider a finite volume of an ideal gas. 

sists of a huge number of individual molecules of negligible size. 

molecules are in random motion and collide with each other and the walls of 

the containing vessel all the time and at a very high rate. 

resent mathematically the behavior of this gas we must adopt a molecular point 

of view where the individual molecule is the important physical quantity. 

method of representing this molecular motion is to use a velocity phase space 

rather than the physical space and use a velocity distribution function which 

gives the density of the gas molecular velocities through the spectrum of all 

possible velocities. 

A finite volume of an ideal gas con- 

These 

In order to rep- 

A 

Consider the velocity space of Fig. 1II.la where 

1; I 

If at a given time the velocities of all of the molecules could be found, 

then the behavior of the gas would be known. 

of a velocity distribution function f(vx,vy,vz) which gives the density of the 

molecular velocities through the spectrum. Again let us consider the above 

velocity space with several velocities of individual molecules shown, as in 

Fig. III.lb, and further we see that 

This leads to the determination 
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Fig. 111.1. Velocity space retangular coordinates. 
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Now f(vx,vy,v,)dv&v$vz equals the f r a c t i o n  of the  number of molecules per  

u n i t  volume whose ve loc i ty  l i e s  i n  the  range 

v and v + dv 

or 

Further ,  i f  we l e t  n be t h e  number dens i ty  of t he  molecules or t h e  number of 

molecules per u n i t  volume then nf(vx,vy,vz)dvxdv$v, equals the number of 

molecules per u n i t  volume whose ve loc i ty  l i e s  i n  the range v and v+dv. It 

i s  e a s i l y  seen t h a t  f ( v ) ,  the d i s t r i b u t i o n  funct ion,  represents  t he  proba- 

b i l i t y  of the ve loc i ty  of a molecule ly ing  between v and v+dv. 

T o  determine f ( v )  w e  w i l l  follow the  approach of  Maxwell,132 which em- 

ploys the  following pos tu la te :  

i 
1 
I 
I 

where f l ( v x )  represents  the  d i s t r i b u t i o n  funct ion of the  x component of molec- 

u l a r  ve loc i ty .  Physical ly  t h i s  postulate  implies; (1) the  ve loc i ty  compo- 

nents,  vx, vy, and vz, a r e  s t a t i s t i c a l l y  independent; and ( 2 )  the d i s t r i b u -  

t i o n  funct ion,  f ( v ) ,  i s  i so t rop ic  ( sphe r i ca l ly  symmetric). 

Working now with Eq. (111.1) a f t e r  tak ing  the  logarithm of both s ides  we 
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see 

In f ( v )  = In f l (vx )  + I n  f l ( v y )  + In f l ( v , )  . 

Taking the  der iva t ive  of the above equation with respec t  t o  vx where 

v2 = < + < + e  
gives 

but  

thus 

Introducing t h e  notation 

we see t h a t  

(111.2) 

Now taking the  der ivat ive of Eq. (111.2) with respec t  t o  vy o r  vz l eads  t o  
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O'(v) = 0 . 

Integrating 

O(v) = -28 

where f3 is a constant. From Eq. (111.2) 

Integrating Eq. (III. 3 )  

where a and B are constants. Finally 

a-8% = e a e - 8 6  flh,) = e 

or 

where 

a A = e  

Now from Eq. (111.1) the form of the distribution function f(v) becomes 

(111.4) 

3 -B(vx+vy+v;) 2 2  
f(v) = A e 

a To normalize Eq.  (111.5) we must determine A = e . We know that 
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3 +(v2,++++) dvxdv dv = dn Y Z  nf(v)dv = n A e 

where dn is the fraction of the number of molecules per unit volume whose 

velocity lies between v and v+dv. 

values of vx, v 

Now integrating over the entire range of 

and vz, Y' 

3 -B(v2,++++> n J/./ nf(v)dv = / /J n A e dvxdvydvz = 
00 W 

-m -W 

we find that 

Thus, 

(111.6) 

Equation (111.6) represents the basic form of the Maxwellian velocity distri- 

bution function, but because the use of this function often involves rather 

complicated integrals, it is more convenient to express it in a slightly dif- 

ferent form which simplifies the usual integration problem. To facilitate 

this change we shall define the spherical polar coordinate system shown in 

Fig. 111.2. The volume element in this velocity space is then given by 

dv = 9 sin 0 dQ d$ dv 

and 

f(v)dv = (:) sin 0 dQ d$ dv 

2a 
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Fig. 111.2. Velocity space polar coordinates. 
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define 

carrying out  the in t eg ra t ion  

(111 II 7 )  

Equation (111.7) now represents  the f r a c t i o n  of t h e  molecules per  u n i t  

volume whose speed l i e s  between v and v+dv. 

Equations (111.6) o r  (111.7) may now be used to ca l cu la t e  some average 

q u a n t i t i e s  of the gas w e  are dea l ing  with such as t h e  mean k i n e t i c  energy 

of t he  molecules: 

which i s  the  mathematical expression o f  mean k i n e t i c  energy, where m i s  the  

molecular mass., Thus, we see t h a t  the  problem reduces t o  t h a t  of  ob ta in ing  

an expression f o r  

func t ions .  

( tho  mean square v e l o c i t y )  i n  terms of  the d i s t r i b u t i o n  

Recal l ing t h a t  

7 = 7 0 ?F(v)dv 

which upon subs t i t u t ion  o f  Eq. (IIIoT) becomes 

In t eg ra t ing  we obtain 

3 1  * = - -  " 
2 8  

- 

Thus, the  mean k ine t ic  energy of a molecule i s  given by  
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-mv2 1 -  = - m - -  1 3 1  . 
2 2 2 0  

(111.8) 

At this time it is convenient to introduce the concept of absolute tem- 

perature and relate this quantityto the mean kinetic energy. 

ship stated mathematically is: 

This relation- 

1 -  3 -m? = -kT 
2 2 

where 

m is the molecular mass 

k is Boltzmann's constant or, the gas constant per molecule 

T is the absolute temperature. 

This theoretical relationship along with Eq. (111.8) leads to the de- 

termination of the constant @. 

Thus, 

m 
@ = -  2kT * 

Substituting Eq. (111.9) into Eqs. (111.6) and (111.7) we obtain the 

Maxwell-Boltzmann velocity and speed distribution function in terms of the 

absolute temperature, T. 

(111.10) 

and 



(111.11) 

These equations represent  t h e  most f requent ly  encountered forms of t h e  Max- 

wel l ian  d i s t r i b u t i o n  l a w ,  and have been v e r i f i e d  experimental ly  t o  very ac-  

cu ra t e ly  represent  the a c t u a l  ve loc i ty  d i s t r i b u t i o n  f o r  a real  gas .  

3.2.2 Equation of S t a t e  

The r e s u l t s  of the previous de r iva t ion  may now be u t i l i z e d  t o  develop 

To f a c i l i t a t e  t h i s  development l e t  an equation of s t a t e  f o r  an i d e a l  gas. 

t h e  physical  mode1, i l lustrated by Fig.  111.3, be considered. 

To ca l cu la t e  the  pressure exerted on the  w a l l s  of the  conta iner  we must 

ca l cu la t e  the  force appl ied t o  the  w a l l  through momentum exchange from t h e  

co l l i d ing  molecules. 

t u m  t r a n s f e r  t o  area, S, per u n i t  t i m e .  

That i s ,  an expression must be obtained f o r  t h e  momen- 

Now, the  condition on the  molecule a t  t i m e ,  t = 0 ,  t o  insure  c o l l i s i o n  

with the  w a l l  a t  S i n  t i m e  increment, E t ,  i s  t h a t  it have ve loc i ty  component, 

vx, such t h a t  

h < vx 6 t  - 

o r  another  way o f  saying t h i s  i s  that a t  time, t = 0 ,  t h e  molecule with ve- 

l o c i t y  component, vx, must be with a volume 

Fur ther ,  t he  number of molecules, Nvx, i n  t h e  volume V, of the  container  

having a component o f  ve loc i ty ,  vx, between vx and v,+dvx i s  given by 
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--X 

Molecule of mass m at time 
t=O with velocity component 
v, which will  collide with 
area S on the positive x wall 

Fig. 111.5 The i d e a l  gas l a w  model. 
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Nvx = nf l (vx)dvx . 

Recal l ing t h a t  pressure i s  given by force per u n i t  a rea  and force  i s  given by 

t o t a l  exchange of momentum per uni t  time, we see t h a t  t he  pressure,  P, ex- 

e r t e d  on the  w a l l s  of the container  can be expressed by I 

And the  number of molecules h i t t i n g  surface,  S,  i n  time, 6 t ,  Nvx, S i s  given 

by 

Nvx, S = vx 6 t  S nf l (vx)dvx . 

The momentum t ransfer red  t o  S by the ind iv idua l  molecules spec i f ied  by Nvx,s 

i s  

d h x , S  = 2m vx vx S 6 t  n f l (vx)dvx . 

The t o t a l  momentum t r ans fe r r ed  to  S i n  6 t  i s  found by in t eg ra t ing  the  above 

over t he  pos i t ive  range o f  values of vx. 

but  

Therefore, 

1 - 2  q,,s = 2n S 6 t  pmv, . 
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or  

1 2  
2 P = 2n -mv, . 

From t h e  previous expression of the  absolute  temperature and the  theory 

of equ ipa r t i t i on  of energy we  a l s o  have t h a t  i f  

then 

1 2  1 ~ m v ,  = - kT . 
2 

Subs t i tu t ing  t h i s  i n  the  above expression for P 

P = n k T .  

Now i f  w e  def ine 

nm = p the  m a s s  dens i ty  

and 

- _  - R the gas constant per u n i t  mass. m 

We have as the  f i n a l  form of  t he  equation of s t a t e  f o r  an i d e a l  gas: 

P = pRT 
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where 

P i s  the pressure ( force  per u n i t  a r e a )  

p i s  the mass dens i ty  of t h e  gas 

R i s  the constant per u n i t  mass 

T i s  the absolute  temperature. 

Thus, we have a very simple equation which l i n k s  t h e  th ree  p rope r t i e s  of a 

gas t o  each other .  Experiments with real gases show t h a t  t h i s  equation ac- 

cu ra t e ly  pred ic t s  the behavior of t he  gas t o  wi th in  a very minute percent  

e r r o r  over a l a rge  range of  condi t ions of temperature, pressure,  and dens i ty .  

3.2.3 Mean Free Path 

Up t o  now, it has been apparent t h a t  molecular c o l l i s i o n s  must take 

place,  bu t  the d e t a i l s  of such c o l l i s i o n s  have been neglected.  L e t  us now 

consider t h e  molecular model i n  which t h e  following assumptions a r e  made: 

(1) a l l  molecules a r e  sphe r i ca l ly  symmetric and undeformable; and ( 2 )  t he  

force  of i n t e rac t ion  i s  i n  the  d i r e c t i o n  of t he  l i n e  of  centers  of t he  two 

molecules, and i t s  magnitude depends on the  d is tance  between the  two ( i  . e . ,  

a c e n t r a l  force system). 

Under the condi t ions of t he  above assumptions and following the  f u r t h e r  

development of the  Kinetic Theory of Gases,',' one i s  l ead  t o  the  following 

r e s u l t s  : 

- 1 
2 -  T =  

f i  n(rrd )v 
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where 

T is the mean free time between intermolecular collisions in an ideal 

gas consisting of spherical elastic molecules 

n is the number density of the gas 

d is the mean molecular diameter 

v is the mean velocity of the molecules given by 
- 

h 

and 

- v 1 
A =  fi n(nd2)v 

or 

m 
fi pnd2 

- 
h =  

- 
8kT 
Jtm 

( 111.14 ) 

where 

h is the mean free path length between intermolecular collisions in an 

ideal gas consisting of spherical elastic molecules 

p is the mass density of the gas 

m is the molecular mass 

d is the mean molecular diameter 

- v is mean molecular velocity. 

The above results are obtained under the influence of some rather re- 

strictive assumptions, but are found to be very good first-order approxi- 

mations to the phenomena observed in real gases. 

3 . 3  THE HYDROSTATIC LAW 

Considering the atmosphere surrounding the earth and the effects of the 
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grav i ty  f i e l d  of the  e a r t h  on the  atmospheric gases,  a very important physi- 

c a l  r e s u l t  i s  obtained. Namely, t h a t  known as the  hydros ta t ic  l a w .  

Now, except f o r  mass motions, such as winds and convection, the  atmos- 

pheric  pressure,  as defined previously,  i s  i n  equi l ibr ium with t h e  forces  of 

grav i ty .  That i s ,  i n  an atmosphere a t  r e s t  the  pressure a t  a s p e c i f i c  point  

i s  equal t o  the weight of t he  gas i n  a v e r t i c a l  column of  u n i t  c ross -sec t iona l  

a r ea  above t h a t  point .  Thus, the d i f fe rence  between two a l t i t u d e  l e v e l s  i s  

due t o  the  weight of the  air  contained between those l e v e l s .  

To mathematically show the  above, consider F ig .  111.4 i n  which a u n i t  

c ross -sec t iona l  cyl inder  of atmospheric gas between the  geometric a l t i t u d e s  

Hand H+dH above the surface of  the  e a r t h  where the  acce le ra t ion  due t o  gravity,  

g, i s  shown. The weight of gas contained i n  the  incremental volume 1 dH be- 

tween H1 and l& i s  l pg dH, a c t i n g  a t  the  center  of the  elementary volume. 

Equating these  forces ,  which i s  required by equilibrium, we obta in  

Cancelling comon terms and rearranging 

and s ince  we w i l l  assume 

P = P(H) 

then 
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I P+- dH dH 
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Altitude H + dH - 

dH 0 

P 
Fig. 111.4. The hydrostatic l a w  model. 

l g  
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and knowing that 

thus, we have 

(111.15 ) 

which is the elementary form of the hydrostatic law, and is valid for all 

real gases which are under the influence of a central gravity field. 

3.4 AEBODYNAMIC FLOW REGIONS 

In the previous sections we have devoted the discussion to the general 

equation resulting from the consideration of a gas from the molecular point 

of view. We must now make use of a previously obtained result which becomes 

important when one considers the measurement of atmospheric parameters by 

means of a supersonic rocket-borne probe. That is, we must now make use of 

the mean-free path concept in the determination of aerodynamic flow regions 

encountered by a supersonic rocket vehicle on a high-altitude mission. 

In this section, three aerodynamic flow regions will be defined in terms 

of the mean-free path of the atmospheric particles and pertinent character- 

istics of each stated. 

3.4.1 The Continuum Region 

The continuum region of the atmosphere is defined as that portion of the 

atmosphere where the mean-free path of the molecules is much less than a char- 

acteristic dimension defined by the dimensions of the instrument used in mak- 
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ing physical measurements of the atmospheric parameters. For example, the 

flow region is considered continuous if the mean-free path is less than the 

orifice diameter of a pressure gauge used to make aerodynamic measurements. 

It is found that when this condition exists, with respect to the pressure 

sensor, there are many more intermolecular collisions than collisions with 

the walls of the sensor, and thus, to the sensor the gas appears to be a con- 

tinuous media. 

Mathematically (111.14) may be used as a first approximation to deter- 

mine the density for the flow-region to be classified as continuous. 

where 

m is the molecular mass considered constant 

p is the mass density 

d is the mean molecular diameter considered constant 

P is a characteristic dimension of the measuring instrument 

The above may be written in the following form: 

( 111.16 ) m 
< P  - J-5 PJsd2 

Equation (111.16) thus gives a lower limit of the magnitude of the density 

for which continuum flow exists, and further shows that the continuum flow 

region exists in the portion of the atmosphere directly adjacent to the sur- 

face of the earth where the density is the highest. 
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3.4.1.1 

In the continuum region the gas dynamics of a compressible fluid dic- 

The Rayleigh Pitot Tube Equation 

tates the theoretical interpretation of aerodynamic pressure measurements 

made at points on a supersonic vehicle. 

Let us now consider a rocket-borne probe flying at supersonic speed at 

zero angle of attack in the continuum region. Further, let this probe as- 

sume a configuration similar to that shown in Fig. 111.5. The probe is mov- 

ing forward with x directed velocity Vx which is greater than the local speed 

of sound and thus is accompanied by the shock front shown in the figure. 

This implies that the incoming flow Mach M is greater than one. 

let the undisturbed atmospheric parameters in front of the shock wave be Pa, 

pa, Ta (ambient pressure, ambient density, and ambient temperature ) . Also,  

let the pressure directly behind the shock front be PS and the pressure ap- 

pearing at the orifice of the impact pressure sensor be Pi. 

Further, 

Now, following the development of Ref. 3 we see that 

Now 

where 

y is ratio of the specific heat of air at constant pressure to that 

at constant volume 
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Detached Shock 

Fig. 111.3. The Rayleigh p i t o t  tube equation model. 
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Ms i s  the  Mach number d i r e c t l y  behind t h e  normal shock pos i t i on  of t h e  

shock f ron t  

and 

where M i s  t h e  incoming flow Mach number. Thus, s u b s t i t u t i n g  

which after some manipulation becomes 

We now need 

which may be wr i t t en  

Combining these  r e s u l t s  

Now, by multiplying and d iv id ing  the  above by the  term 

[(y+1)2M2 4 yM2 -2 y +2 1 
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we achieve the final desired form 

\ L J 

Where 

Pi 

Pa is the undisturbed ambient atmospheric pressure 

M is the incoming flow Mach number 

y is the ratio of specific heats. 

is the measured stagnation pressure or impact pressure 

(111.17) 

Equation (111.17) represents a most useful form of the Rayleigh 

sonic pitot-tube equation. In a later chapter it will be shown that this 

equation allows one to interpret the measured impact pressure in terms of 

the ambient atmospheric density provided the condition of continuum flow is 

met. 

super- 

3.4.2 Free Molecule Flow 

The free molecule flow region, or FMF as we shall refer to it, is de- 

fined as that region of the atmosphere where the ambient density is suf- 

ficiently low so that the fluid media ceases to act as a continuum. Unlike 

continuum flow, where the important physical phenomena is intermolecular 

collision, in FMF, the importance is placed upon molecular collision with 

the walls of an intruding measuring device. 

cause of the low density, is sufficiently long compared to the dimensions 

of the measuring device, that with respect to the sensor, the fluid appears 

to be a collection of a large number of individual molecules in random mo- 

In FMF the mean-free path, be- 
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tion. In other words, the sensor sees the molecules of the gas as essentially 

independent entities obeying the laws of physics as individuals rather than 

as individual groups of molecules as is the case with continuum flow. 

In terms of our mean-free path analysis, the condition for the exist- 

ence of FMF is: 

which may be written 

m 
& and2 P <  (111.18) 

where 

m is the mean molecular mass 

p is the mass density 

d is the mean molecular diameter 

I is a characteristic dimension of the measuring instrument. 

Equation (111.18) thus gives an upper limit on the magnitude of the ambient 

density for which FMF exists, and also shows that FMF can exist only at al- 

titudes above a certain critical altitude where Eq.  (111.18) is satisfied. 

Because of the nature of FMF, it is noted that the aerodynamics of the 

rocket-borne probes are considerably different than that found in continuum 

flow. In FMF, the familiar shock wave associated with continuum flow dis- 

appears and the term ''speed of sound" becomes physically meaningless. 

fore, a theoretical analysis based upon the Kinetic Theory of Gases is again 

called for. The next section will present such an analysis which will lead 

There- 

46 



to a result analogous to the Rayleigh supersonic pitot-tube equation which 

will, in a later chapter, be specialized to the interpretation of measured 

pressures in terms of the desired ambient properties of the atmosphere. 

3.4.2.1 The Equations f o r  Gas Flow Equilibrium at the Entrance to a 
Measuring Chamber in Free Molecule Flow 

Following the analysis given in Refs. 1,2,6, and 12, we shall direct 

The situation is our attention to a chamber with an opening in one face. 

illustrated in Fig. 111.6 where 

Pa 

Ta 

Pi is the measured impact pressure inside the chamber 

Ti is the measured absolute temperature inside the chamber 

V, 

is the ambient pressure outside the chamber 

is the ambient absolute temperature outside the chamber 

is the x component of relative velocity between the chamber and 

the gas 

is the x component of random particle velocity of the ambient gas vx 

6t is the time increment under consideration 

na 

ni 

is the number density ofthe ambient gas 

is the number density of the gas within the chamber. 

Th chamber shown has a velocity relative to the ambient atmospAAere, which 

velocity is assumed to have component V, normal to the face of the chamber 

opening. The gas molecules external to the chamber are assumed to have in- 

stantaneous thermal velocities v which vary from particle to particle and are 

a function of time and temperature for a single molecule. The x directed 

component of v is VX. The absolute temperature and pressure within the chamber 
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Fig. 111.6. Free molecule flow across  an o r i f i c e .  
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w i l l  be T i  and 

be Ta and Pa. 

P i ,  respec t ive ly ,  and those of the  ambient atmosphere w i l l  

Fur ther  assumptions required by t h i s  ana lys i s  are t h a t  the molecules 

both ins ide  and outs ide t h e  chamber obey the  previously derived Maxwell- 

Boltzmann ve loc i ty  d i s t r i b u t i o n  law and t h a t  the  p a r t i c l e s  i n  the chamber 

are i n  thermodynamic equilibrium with the  w a l l s  of t he  chamber. 

Ta, Pi, Ti ,  and V, must be assumed independent of time f o r  a period t i m e  E t  

where 6 t  i s  an increment of  t i m e  long enough t o  assure  t h a t  an equilibrium 

s t a t e  e x i s t s  and shor t  enough SO t h a t  Pa, T a ,  P i ,  T i ,  and Vx may be con- 

s idered  time independent. 

Also,  Pa, 

Now, f o r  equilibrium the  number of p a r t i c l e s  en te r ing  the  chamber 

through the o r i f i c e  must be equal t o  the number leaving.  We s h a l l  f irst  

consider s t r i k i n g  the surface a rea  of the o r i f i c e  per u n i t  time, assuming 

t h a t  t he re  i s  no r e l a t i v e  ve loc i ty  between the  chamber and the  atmosphere. 

I n  t h i s  case V, is zero. 

Consider the imaginary cylinder vx6t long of u n i t  c ross -sec t iona l  a rea  

shown i n  the  previous f igu re .  Any p a r t i c l e  w i t h i n  t h i s  cyl inder  t h a t  has a 

ve loc i ty  w i t h  an x cctrrrpontrrt o f  a t  l e a s t  vx w i l l  reach the  o r i f i c e  i n  the  

time increment 6 t ,  provided it does not s u f f e r  an intermolecular c o l l i s i o n  

before en ter ing  the chamber. Because we a r e  considering FMF we w i l l  assume 

t h a t  t h e  number of such co l l i s ions  is  negl ig ib le .  

N o w ,  l e t  us l i f t  the r e s t r i c t i o n  on V, and assume t h a t  a r e l a t i v e  d r i f t  

ve loc i ty  V does e x i s t  whose x d i rec ted  component i s  V,. 

sa ry  t o  change the  length  of the  imaginary cyl inder  from vx6t t o  (vx+Vx)Gt 

Thus, it i s  neces- 
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as shown i n  the  previous f igu re  i n  order t o  insure  t h a t  a molecule whose x 

d i r ec t ed  component of therinal ve loc i ty  vx w i l l  e n t e r  t he  chamber. Ei ther  vx 

o r  VX may be negative, as long as t h e i r  sum is  pos i t i ve ,  otherwise no mole- 

cu les  w i l l  enter  the  chamber volume. 

Now, l e t  dNa be defined as the  number of ex te rna l  molecules with x com- 

ponent of thermal ve loc i ty  i n  the  range between vx and vx+dv, t h a t  s t r i k e  

the  surface area of t h e  o r i f i c e  i n  time increment 6 t .  The number dNa may be 

determined by multiplying t h e  volume of the  imaginary cyl inder  by dn,, which 

i s  the  number of ex te rna l  molecules per u n i t  volume whose x d i r ec t ed  therinal 

ve loc i ty  i s  between vx and vx+dvx. This may be s t a t e d  mathematically: 

Now, vx may vary from la rge  negative values t o  l a rge  pos i t i ve  values so ,  

i n  order  t o  f i n d  t he  t o t a l  number Na of p a r t i c l e s  en ter ing  the  chamber i s  E t ,  

it i s  necessary t o  i n t eg ra t e  the  above expression over a l l  possible  values 

of (vx+Vx), r eca l l i ng  t h a t  dna i s  a funct ion only of vx. Thus: 

(vx+vx) = 03 

Na = [(vx+Vx)6t dna 

(vx+vx) = 0 

r e c a l l i n g  t h a t  

dna = nafl(vx)dvx 

which may be wr i t ten  i n  terms of the  most probable x d i r ec t ed  thermal ve loc i ty  
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which we s h a l l  c a l l  c% which i s  given by 

I 

C m 

where 

c m  i s  the  most probable thermal ve loc i ty  of the  ambient atmospheric 

molecules 

k i s  Boltzmann's constant 

T a  
m i s  the  mean molecular mass. 

i s  the absolute  ambient temperature 

Introducing the  expression for  cm, in to  Eq. (111.4) with appropriate  

value of A inser ted ,  we f i n d  

Similar 1 y 

Thus 

Introducing the above equation into the expression f o r  Na with the  appro- 

p r i a t e  change of l i m i t s ,  one f inds  

v.. 



I 

Then 

which can a l s o  be wr i t t en  as 

"ma 

ma c 

L e t  us introduce t h e  notat ion 

which may be separated as follows 

J-S 
W 

Carrying out t he  in t eg ra t ion  with the a i d  of Refs. 9 and 10 we see t h a t  

And 
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But 

s 
?- .I e's2ds = erf S . 
J;; 

Thus, the  above i n t e g r a l  becomes 

Now, f i n a l l y  

Therefore,  our expression f o r  pJa becomes after some manipulation 

Recal l  t h a t  

so 

( 111.19) 

Equation (111.19) represents  t he  number of ambient atmospheric molecules en- 

t e r i n g  the  chamber o r i f i c e  i n  time increment 6 t  per  u n i t  area of  o r i f i c e  open- 

ing.  

Now, we must consider t,he number of  p a r t i c l e s  leaving the  chamber through 

the o r i f i c e  i n  t i m e  6 t  per  u n i t  area of o r i f i c e .  Let t h i s  number be N i o  This 

number may be ca lcu la ted  i n  a manner s i m i l a r  t o  t h a t  used t o  ca l cu la t e  Na, re-  
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membering t h a t  Vx i s  equal t o  zero and t h a t  we must use values of n, dn, and 

cm f o r  the  i n t e r i o r  of the chamber. 

Thus, 

where 

= z e 

Subs t i t u t ing  in to  the  above i n t e g r a l  

v.. 

N i  

gives 

Af t e r  in tegra t ion  we f i n d  

(111.20) 

Recal l ing now t h a t  equilibrium e x i s t s  when the number of p a r t i c l e s  en te r -  

ing  the  chamber is  equal t o  the number leaving. That i s  t o  say 

N i  = Na 

o r  

Rearranging 
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I n  terms of pressure., we know from the  equat ion of s ta te  t h a t  

P i  = n i  k T i  

and 

pa = na k Ta . 

Now 

m 

Therefore, 

Using t h i s  expression i n  the equation of state 

and 

we w i l l  now assume t h a t  

m i  = ma 

With t h i s  assumption the  r a t i o  
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or 

Substituting this expression into Eq. (111.21) and rearranging, we find 

But 

I 

so 

Let us now define 

Finally 

where 

- 

3 F(S)  
*a 

Pi is a meamred impct pressure 

Pa is the ambient atmospheric pressure 

Ti 

Ta 

is the measured absolute temperature interior to the chamber 

is the absolute ambient atmospheric temperature 
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Equation (111.22 ) now gives t h e  des i red  r e l a t ionsh ip  between t h e  meas- 

ured impact pressure and the  ambient atmospheric pressure.  This expression 

w i l l  be spec ia l ized  i n  a later chapter t o  allow the in t e rp re t a t ion  of meas- 

ured impact pressure i n  terms of the ambient atmospheric densi ty .  

It is i n t e r e s t i n g  t o  note the behavior of F(S), (see Appendix) and 

the  f a c t  t h a t f o r  Sequal  t o  zero, (corresponding t o  Vx equal t o  zero)  the 

value of F ( S )  i s  uni ty ,  t h a t  i s  

(111.23 ) 

when there  i s  no r e l a t i v e  d r i f t  ve loc i ty  between the  chamber o r i f i c e  and t h e  

gas (vX = 0 ) .  

3.4.3 The Trans i t ion  Region 

A s  a l o g i c a l  conclusion, i n  l i g h t  of the previous two sec t ions ,  there  

must e x i s t  a flow region intermediate t o  continuum and f r e e  m l e c u l e  flow 

re$ions. This  I s  t he  region known as t r a n s i t i o n .  I n  t h i s  region, the flow 

exh ib i t s  proper t ies  of both continuum and f r e e  molecule flow, and because 

of t h e  r a the r  wide separat ion between t h e  t h e o r e t i c a l  approaches used i n  

analyzing the two flow regions,  it does not lend i t s e l f  r ead i ly  t o  theo- 

r e t i c a l  ana lys i s .  

severa l  individuals .  One very promising e f f o r t  i s  given i n  R e f .  11. 

Considerable e f f o r t  along the l i n e  has been given by 
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Again using the mean-free path approach, t he  t r a n s i t i o n  region i s  t h a t  

region where 

m A =  = I  
- 

4-5 pnd2 

or 

(111.24) m 

fi nd21 
P Z  

Here we see  t h a t  t he  mean-free path is  approximately equal  t o  the  char- 

a c t e r i s t i c  dimension, so  t h a t  both intermolecular and molecular-wall c o l l i s i o n  

become important. 

Let us then  conclude t h a t ,  t o  da te ,  no s a t i s f a c t o r y  theory e x i s t s  by 

which one may in t e rp re t  measured aerodynamics pressures  i n  terms of ambient 

atmospheric propert ies  i n  the t r a n s i t i o n  region. 

3 . 5  SUMMARY OF THEORFTICAL RESULTS 

, By way of summary, l e t  us simply r e s t a t e  t h e  important f i n a l  equations 

developed i n  the  previous sec t ions  of t h i s  chapter and the appropriate  as- 

sumptions and r e s t r i c t i o n  on the  use of each. 

Maxwell-Boltzmann Velocity Di s t r ibu t ion  Law 

where 
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m is the mean molecular mass 

k is the Boltzmann cmstant or gas constant per molecule 

is the random thermal velocity v 

Assumptions : 

(1) The velocity components of vx, vy and vz, of v are statisti- 

cally independent. 

The distribution function f(v) is isotropie. ( 2 )  

Validity: 

Several direct experimental verifications of the law for several 

common gases and vapors have been made and may be found in the literature, 

the basis of this experiment we shall consider the law valid for the atmos- 

pheric gas and thus the atmosphere. 

On 

The Equation of State for an .Ideal Gas 

P = pRT ( 111 5 1s. ) 

where 

P is the gas pressure exerted normal to a surface immersed in the fluid 

p is the gas mss density 

R is the gas constant per unit mass 

T is the absolute temperature of the gas. 

Assumptions: 

(1) Ideal gas 
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Validity: 

Even though the law applies strictly to an ideal gas, it has been 

shown experimentally to accurately predict the properties of a real gas at 

the value pressures and densities encountered in the atmosphere. 

not hold for extremely high densities and pressure approaching those of the 

critical values for the gas. 

molecular forces are not accounted for in the ideal gas analysis. 

It does 

This is because the extremely strong inter- 

Thus, because a real gas approaches the behavior of an ideal gas at and 

below the values of pressure and density on the surface of the earth, we 

shall consider the law valid for the properties of the earth's atmosphereo 

The Hydrostatic Law 

dP, = - p,g 
dH 

where 

(111.15 ) 

dP, 
dH 

is the rate of change of ambient atmospheric pressure with altitude 

H is the altitude in the atmosphere above the surface of the earth 

Pa is the ambient atmospheric pressure 

pa is the ambient atmosphere gas mass density 

g is the lmal acceleration due to gravity 

Assumptions : 

(1) NO mass motion 

( 2 )  Equilibrium between atmospheric pressure and the forces of 

gravity. 
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Val id i ty  : 

It i s  known t h a t  over a l a rge  a l t i t u d e  i n t e r v a l ,  very v io l en t  mass 

motion of t h e  atmosphere occurs ,  However, i f  the a l t i t u d e  increment d3  i s  

chosen a r b i t r a r i l y  s m a l l ,  then the m a s s  motion occurr ing within the  in-rement 

may be neglected and again only equilibrium considered- 

The Rayleigh Supersonic P i t o t  -Tube Equatior, 

where 

Pi i s  the  

Pa i s  the  

M i s  the  

y i s  the  

measured impact pressure 

ambient atmospheric pressure 

incoming flow Mach number 

r a t i o  of spec i f i c  hea ts .  

Assumptions : 

D 
1 
I 

M > 1  

,“cntinuim flow 

Normal shock e x i s t s  i n  f r o n t  of measuring sensor o r i f i c e  

Zero angle of a t tack .  

I n  a l l  upper atmosphere rocket-borne probes the f i r s t  th ree  condi- I 
I 
i 
I 

t i o n s  above are met for at least  the low-al t i tude por t ion  of the f l i g h t ,  

Condition four ,  however, I s  r a r e l y  s a t i s f i e d .  However, wind-tunnel t e s t s  of 
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4 devices similar to the one to be considered show that negligible error is 

introduced by angles of attack up to at least 10'. 

Gas Flow Equilibrium at an Orifice in Free Molecule Flow 

r 

(111.22 ) 

where 

Pi is a measured impact pressure 

Pa is the ambient atmospheric pressure 

Ti is the measured absolute temperature interior to the measuring 

chamber 

S is the ratio of the x directed component of relative drift 

velocity to the most probable thermal velocity. 

Assumptions: 

(1) Free molecule flow 

(2) Thermodynamic equilibrium between particles within the 

measuring chamber and the chamber walls. 

Validity: 

Provided that a high enough altitude is reached by the rocket-borne 

probe, the conditions for FMF will be met. Thermodynamics equilibrium can 

be assured if at least three collisions with the interior of the wall take 

place before the processes of measurement occur. 

it is realized that there is some disassociation of atmospheric oxygen mole- 

For the third assumption, 
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cules  above the  a l t i t u d e  where t r a n s i t i o n  t o  FMF occurs f o r  the  probe t o  be 

considered. It i s  therefore ,  e n t i r e l y  possible  t h a t  t he re  may be some re- 

combination within the chamber, where the gas i s  not  subjec t  t o  the s t rong  

r ad ia t ion  f i e l d s  which o r i g i n a l l y  caused d i s a s s o c i a t i m ,  aEd be?aLisF t h e  pwb-  

a b i l i t y  of recombination within the chamber i s  much g rea t e r  than t h a t  OutsidE. 

5 

3 

The magnitude 

however, from 

when compared 

4 
of t h i s  e f f e c t  can be a source of e r r o r  i n  any measurement made; 

pas t  experience it is believed t h a t  t h i s  e r m r  i s  negl ig ib le  

t o  o ther  e r r o r s  which may be present .  

I n  view of t h i s  then, w e  s h a l l  consider Eq. ( I T T  22) va l id  f o r  a l l  m F a s -  

urements made by the device i n  question i n  the  f r e e  malecule flow region.  

63 



1. 

2. 

3. 

4. 

5. 

6. 

7 .  

8. 

References for Chapter I11 

Patterson, G. N., Molecular Flow --- of Gases, John Wiley and Sons, 1956. 

Liu, V. C., "Class Notes for Topics in Gas Dynamics," The University of 

Michigan, College of Engineering, Dept. of Aero. and Astro. Eng., Ann 

Arbor, Spring, 1962, 

Shapiro, A. H., Dynamics - and Thermodynamics - of Compressible Fluid -- Flow, 

1, - 

Laurmann, J. A., "Low Density Characteristics of an Aerobee-Hi Pitot- 

Static Probe," Univ. of Calif., Institute of Engineering Research, Tech. 

Report, HE-150-156, May, 1950. 

Kuethe, A. M., and Schetzer, J. D., Foundations of - Aerodynamics, John 

The Ronald Press, New York, 1953. 

Wiley and Sons, New York, 1950. 

Schultz, F. V., Spencer, N. W., and Reifman, A., "Atmospheric Pressure 

and Temperature Measurements Between the Altitudes of 40 and 110 Kilom- 

eters." 

tute, Ann Arbor, July, 1948. 

Perkins, E. W., and Jorgensen, L. H., "Comparison of Experimental and 

Theoretical Normal-Force Distribution (Including Reynolds Number Effects) 

on an Ogive-Cylinder Body at Mach Number 1.98," 

3716, Washington, D.C., May, 1956. 

Ainsworth, J. E., Fox, D. F., and LaGow, H. E., "Upper Atmosphere Struc- 

ture Measurements Made With the Pitot-static Tube," - - -  J.G.R. - 66(10), 

Upper Atmosphere Report - -  No. 2, Univ. of Mich. Research Insti- 

NACA Technical Note 

3191-3211, 1961. 

64 

1 
I 
I 
1 
i 
1 
1 
1 
1 
1 
I 
I 
I 
I 
1 
1 
1 
I 
1 



References (Concluded) 

9 .  Hodgman, C. D., Ed., Standard Mathematical Tables, Tenth Edition, 

Chemical Rubber Publishing Co., Cleveland, Ohio, 1955. 

10. Churchill, R. V., Operational Mathematics, Second Edition, McGraw-Hill 

Publishing Co., New York, 1958. 

Liu, V. C . ,  "On Pitot Pressure in an Almost-Free-Molecule Flow-A 

Physical Theory for Raref ied-Gas Flows, 'I 

Sciences, 25,  - No. 1, December, 1958. 

Hsu, Y. S., "The Thermal Transpiration Equation; Tables of F ( S )  vs. 

S," 

11. 

Journal of the Aero/Space -- 

12. 

Scientific Report No. MS-2, ORA, Univ. of Mich., June, 1963. 

65 



CHAPTER IV 

THE PITOT-STATIC PROBE 

I 
i 
I 
i 

I 
1 
1 
R 
U 
II 
i 
i 

4.1 INTRODUCTION 

Following Refs. 1 and 2, the Pitot-static technique is an aerodynamic ap- 

proach to the measurement of pressure, temperature, and density in the upper 

atmosphere through a simple implementation of the basic theories presented 

in Chapter 111. "Pitot-static" implies the twc primary measurements whi:h 

are inherent to the method: (1) the pitot or impact pressure; arid ( 2 )  the 

static or ambient pressure. The Pitot-static probe design presented here is 

extended to include a spin pressure measurement which, aftPr further study 

and development, may lead to a determination of upper atmosphere winds 

The Pitot-static technique has been extensively stkdied and develcped 

by the scientists and engineers of the Space Physics Research Laboratory 

(SPRL) of The University of Michigan? 

which will be discussed in this chapter. 

It is this design and instrumentatioc 

4.2 THE PITOT-STATIC PROBE CONFIGURATION 

The configuration of the SPRL Pitot-static probe is shown in Fig" IV.1. 

As can be seen, the probe is a cylindrical tube, 3 - 5  in. in diameter, 

approximately 37 in. long, with a hemispherical nose tip and a cylinder-cone- 

cylinder afterbody. 

The figure shows the single orifice of the impact and spin pressure eham- 

bers and the many orifices of the manifold ambient pressure chamber. 
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This p a r t i c u l a r  configurat ion was chosen f c r  two r e a s m s :  f i rs t ,  it 

meets the requirements of gmd  supersonic aerodyriami: desigr, of a rcxket- 

borne pr3be; and s e ~ m d ,  t h i s  'configuration re-adily lfcds i%self t D  theo-  

r e t i c a l  ana lys i s  arid, i n  Eart;:7d.ar, t o  the  thec r i e s  presexted i n  3 a p t e r  T I . I f i  

4 3 INSTRWMENTATION 

The r a w  da ta  f r c m  the  experiment cons is t s  of the ccritin--!ous measurement 

o f  pressure i n  the  three  chambers by e lec t ronic  pre.ss-;rF s e m c r s  which a r e  

zonnected d i r e c t l y  t o  the three chambers a 

pressure icfcrmation re re ivcd  f r r m  the chambers i n t o  f,k.e:r e l e c t r i = . a l  analog 

This analog o r  e l e c t r i c  vc l tage ,  2s i s  the exact case,  i s  +,hen t r ans fe r r ed  by 

i n t e r n a l  cable  t o  t h e  instrumentation sec t ion  whereit  i s  f u r t h e r  acted upon 

and combined with other  analog information and f i n a l l y  t ransmi t ted  v i a  UHF 

FM radio  t o  rece ivers  and d a t a  recorders located on the g r o w 3  

These pressure senscrs  com-ert the 

I n  tn i s  sec t ion  we w i l l  d iscuss  i n  d e t a i l  the  p r e s s w e  sensors and as- 

soz ia t e3  rocket-borne suppcrt  equipmentI 

4.3.1 The Radioaetive Ionizatior--Gauge Densatron 

The pressure sensors ca l l ed  densatrons u t i l i z e d  with the  SPRL pz to t -  

s t a t i c  probe zombine a rad ioac t ive  ionizat ion chamber w i t h  a multirange 

electrometer  ampl i f ie r  t o  form an instrument capable of de tec t ing  with good 

r e so lu t ion  the  pressures found i n  the  region of t h e  e a r t h ' s  atmcs-phere from 

50 t o  120 km& 

A s  with o ther  ion iza t ion  gauges, neut ra l  gas ion iza t ion  r e s u l t s  i n  a cur- 

r e n t  which may be measured with a su i t ab le  ammeter, and through labora tory  ca l -  
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i b ra t ion ,  in te rpre ted  i n  t e r m s  of gauge pressure.  I n  view of t h i s ,  it i s  t o  

be noted t h a t  i n  an ion iza t ion  gauge the  important f a c t o r  i n  der iv ing  a cur-  

r e n t  t o  be measured i s  t h e  number of gas molecules present  i n  the  gauge, o r  

the gas density,  r a t h e r  than gas pressure.  However, i f  the temperature i s  

known, the  gas dens i ty  i s  proport ional  t o  t h e  pressure.  So, i n  e f f e c t ,  a l l  

i on iza t ion  gauges a r e  dens i ty  sensing u n i t s  which a r e  c a l i b r a t e d  i n  terms of 

pres sure . 
The ac tua l  configurat ion of t h e  densatron ion iza t ion  chamber or gauge i s  

shown i n  Fig.  I V . 2 .  The f i g u r e  shows the important f ea tu re s  of t h i s  ion iza-  

t i o n  chamber. I n  operat ion,  t he  n e u t r a l  gas en te r s  t h e  chamber through t h e  

gas admittance po r t  i n  the top  s e a l  p l a t e .  Upon en te r ing  the  chamber it i s  

bombarded by primary be ta  p a r t i c l e s  emitted by t h e  rad ioac t ive  source mater- 

i a l  (tritium) which i s  contained on the in s ide  surface of t he  t o p  seal p l a t e .  

This process causes the  neu t r a l  gas t o  become ionized. The ions and e l e c -  

t rons  a r e  then ac ted  upon by t h e  e l e c t r i c  f i e l d  e x i s t i n g  i n  the  chamber be- 

tween the  polar iza t ion  cy l inder  which i s  maintained a t  a pos i t i ve  p o t e n t i a l  

with respec t  t o  ground and the  c e n t r a l  c o l l e c t o r  wire which i s  negat ive.  Un- 

der  t he  influence of t h i s  f i e l d  t h e  pos i t i ve  ions move t o  t h e  c o l l e c t o r  where 

they  are col lected t o  form t h e  ion  cur ren t  which i s  then measured and con- 

ver ted t o  a n  output vol tage from the  electrometer  ampl i f i e r .  

Now, because t h e  densatron i s  a dens i ty  sensor which i s  ca l ib ra t ed  i n  

terms of pressure a t  a constant  gauge temperature, we must determine what e f -  

f e c t  a change i n  gauge temperature w i l l  have on the  pressure measurement. 

This i s  e a s i l y  done through use of the  equation of s t a t e .  Here we assume 
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rV.2. The densatron gauge. 
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where 

Pgauge 

P 

Tgauge 

R 

Now, s ince p 

where 

Pgauge 

P 

Tgauge 

R 

Now, s ince p 

where 

’,a1 i s  the  pressure corresponding t o  p and Teal 

p i s  the  gas dens i ty  

Teal 

R 

i s  t h e  absolute  gauge temperature during c a l i b r a t i o n  

i s  the  gas constant, per u n i t  m a s s .  

Now, l e t  us maintain the  decsi-”,y p i n  t h e  gauge constant  (which will give the  

same densatron output  vol tage as i n  the previous case )  but  vary t h e  gauge 

teapt?r&ture, and thus the  ga3 temperature, t o  a value T . We now have 
gauge 

Pgauge = PR Tgauge 

I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

t h a t  during the cal i b r a t i o n  the  gsuge temperature and gas temperature a r e  iden- 

t -CYL I n  t h i s  case . -  r-d cons-fant a t  a value T tal * 

Pca1 = pR Tca1 

is  the pressure corresponding t o  p and 

is t h e  gas dens i ty  

is t h e  new absolute  gauge temperature 

is t h e  gas constant per u n i t  mass. 

remained constant ,  w e  have 

Tgauge 

which gives 
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where 

Pgauge is the real gas pressure for a given densatron output voltage 

at any gauge temperature Tcal. 

is the absolute gauge temperature during actual operation as 

measured by the glass bead thermistor in the densatron gauge unit. 

is the pressure obtained during calibration at gauge temperature 

and is the pressure indicated by the gauge calibration for 'ea19 

a given output voltage I 

is the absolute gauge temperature during calibration. 

'gauge 

Peal 

Teal 

Equation (IV.l) must be used whenever the gauge temperature during operation 

is different from that at which gauge calibration took place. 

4.3.2 Supporting Rocket-Borne Equipment 

In addition to the various pressure measurements, the Pitot-static pay- 

load includes a four-channel FM/FM telemetry system, a DOVAP (Doppler-Veloc- 

ity-And-Position) transponder for  velocity and altitude (trajectory) deter- 

mination, and an optical aspect system for angle qf attack determination. 

This equipment is housed along with the battery power supply in the lower 

cylindrical portion of the probe called the instrumentation section. 

The FM/FM telemetry system consists of a UHF FM radio transmitter and 

associated electronics which serve as the data transmission link for the 

analog data from the probe during flight to the grounda 

The DOVAP transponder enables a supporting agency to determine the pre- 

cise altitude and velocity versus time history of the probe during flight. 

The data from the optical aspect sensor allows the determination of the 
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probe i n - f l i g h t  angle of a t t ack .  This information, as w i l l  be seen l a t e r ,  i s  

of prime importance i n  subsequent data  reduction of primary probe measure- 

ments. 
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CHAPTEER v 

TYPICAL DATA OBTAINED FROM THE SPRL PLTOT-STATIC 

PROBE AND PRELIMINARY PROCESSING 

5 .I. INTRODUCTION 

A s  s t a t e d  e a r l i e r ,  a l l  primary (pressure)  and secondary (gauge tempera- 

t u re ,  e t c . )  da ta  from the  P i t o t - s t a t i c  probe a r e  t ransmi t te5  v i a  radic  from 

the  probe i n  f l i g h t  t o  ground based rece ivers .  The analcg da ta  i s  then t r a n s -  

f e r r ed  from the rece iver  on t o  magnetic tape f o r  s torage and to a %a1 time" 

osci l lograph paper record f o r  immediate use.  

pr imari ly  concerned with t h e  "real  t i m e "  csc i l lcgraph  record '  

For the  present ,  we s h a l l  be 

This chapter w i l l  explain i n  d e t a i l ,  the process by which t h e  pressure 

and gauge temperature information i s  obtained from the  "real time" record and 

combined with the  appropriate  t r a j e c t o r y  information t o  give f i n a l  r a w  da t a ,  

which may then  be in t e rp re t ed  i n  terms of  the three  desired atmospheric param- 

e t e r s  - 

5.2 THE ANALOG DATA 

The analog da ta  from a typi-a1 SPRL P i t o t - s t a t i c  probe f l i g h t  i s  received 

a t  SPRL i n  the  form of a "real time" paper osci l lograph record.  

i s  nothing more than a graph of analog voltages versus time, where t h e  voltage 

i s  given as the  v e r t i c a l  a x i s  and time as the  ho r i zon ta lo  The time ax i s  i n -  

crements a r e  spaced 0,001 sec  apar t  with the a c t u a l  time given by a Sinary 

code i n  days, hours, minutes, and seconds with respec t  t o  the so l a r  cbserva- 

This record 
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t o r y  a t  Greenwich, England, o r  Greenwich Mean T i m e  (GMT) .  

sented on the  v e r t i c a l  a x i s  i n  general  l i e  somewhere on a n  a r b i t r a r y  l i n e a r  

s ca l e  whose end points  a r e  zero v o l t s  and f i v e  v o l t s  r e spec t ive ly .  A por t ion  

of the  f l i g h t  record, F ig .  V . 1  of NASA 14.21 SPRL P i t o t - s t a t i c  probe, i s  given 

f o r  reference.  On t h i s  sample of record i s  shown the  0-5 v o l t  v e r t i c a l  sca le ,  

and the  hor izonta l  b inary  time coded sca le ,  i n  addi t ion,  t h i s  sample shows 30 

The voltages pre- 

I 

a c t u a l  commutated da ta  segments which are repeated c y c l i c a l l y  throughout the  

e n t i r e  f l i g h t .  Each data segment represents  one analog da ta  po in t .  That i s ,  

each data segment gives one voltage output which occurred a t  the time given 

on the hor izonta l  a x i s .  An example of t h i s  i s  shown f o r  segment no. 28. 

With the  aid of the i n f l i g h t  voltage c a l i b r a t e  points ,  which a r e  usua l ly  

loca ted  i n  the f i r s t  few segments of each cycle,  and the  various osc i l lograph  

reading devices ava i lab le  i n  the laboratory,  each data poin t  voltage i s  read 

and recorded along with time (GMT) a t  which each occurred. 

usua l ly  involves the reading of approximately 7,500 da ta  poin t  vol tages ,  

7,500 segment numbers, and 250 reference times f o r  each p i t o t - s t a t i c  probe 

f l i g h t .  From the 250 reference t imes,the time of each ind iv idua l  data seg- 

ment i s  computed and recorded. Thus, f o r  each P i t o t - s t a t i c  f l i g h t  approxi- 

mately 22,500 b i t s  of information a r e  obtained, 7,500 voltage points ,  7,500 

times, and 7,500 commutator segment numbers. For proper handling of t h i s  i n -  

formation, it must be recorded as ordered t r i p l e s  of numbers, a segment number, 

an output voltage, and the  time of t he  data segment. 

This procedure 

Having completed the  reading and recording of t he  f l i g h t  data as de- 

scr ibed above, the f l i g h t  information i s  subjected t o  a s o r t i n g  procedure. 



Fig. V . l .  Real time oscillograph data record. I 
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The s o r t i n g  i s  car r ied  out  according t o  segment number and time sequence. 

That is ,  t he  f l i g h t  information is  sor ted  according t o  experiment by segment 

number i n  increasing time sequence. This s o r t i n g  process has now eliminated 

the segment o r  b i t  number from the t r i p l e t  and replaced it with a t i t l e  o r  

experiment name. The primary experiment t i t l e s  a r e  Impact Densatron Output, 

Ambient Densatron Output, Impact Densatron Range, Ambient Densatron Range, 

e t c .  Some secondary experiment t i t l e s  a r e  Impact Densatron Gauge Thermistor 

Output, Impact Densatron Amplifier Thermistor Output, e t c .  

Having completed the  s o r t i n g  process, the preliminary data "condition- 

ing" i s  complete and the  a c t u a l  da t a  reduction process may proceed. 

5.3 CONVERSION OF THE ANALOG DATA TO "GAUGE PRESSURE" 

I n  t h i s  section, we s h a l l  determine the  process by which the previously 

obtained analog voltages a r e  converted i n t o  a c t u a l  "gauge pressures"  through 

the use of t he  densatron pressure ca l ib ra t ion  curves obtained i n  the labora tory  

preceding , each f l i g h t  e 

5.3.1 Densatron Cal ibrat ion Curves 

Each densatron t o  be flown must, p r i o r  t o  f l i g h t ,  be placed on a labora-  

t o r y  vacuum system where a pressure-voltage c h a r a c t e r i s t i c  i s  determined. 

This procedure i s  known as "ca l ib ra t ion  e During the  ca l ib ra t ion ,  the pres -  

sure  i n  each densatron u n i t  i s  var ied over a range t h a t  bes t  simulates t h e  

pressure range t h a t  w i l l  be experienced by the  u n i t  during f l i g h t .  

t h i s  procedure i s  being ca r r i ed  out  a p a r t i c u l a r  pressure l e v e l  i n  the  pres- 

sure  range i s  se t  i n  each densatron u n i t  and i s  ca re fu l ly  measured by means of 

While 
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a prec is ion  pressure s tandard,  

ind iv idua l  densatron output voltages and densatmn gauge temperatures,  

completing the measurement of t h i s  pressure-voltage-temperatbre po in t ,  the  

pressure i n  the  densatron u n i t s  is changed t o  a new value and the  ab3ve meas- 

urements a r e  again made and recorded. This procedure i s  mntinued u n i t 1  t h e  

e n t i r e  pressure range of the  densatron u n i t s  has been covered, 

This pressure i s  then r e x r d p d  alzng with the  

Upon 

I n  order  t o  assure  proper pressure s e n s i t i v i t y  throughcut i t s  e n t i r e  

pressure measuring region, t h e  densatron i s  so designed t h a t  t h i s  region i s  

divided i n t o  f i v e  separate  ranges with each successive rang- six times as 

s e n s i t i v e  as the  preceding. To f a c i l i t a t e  the in t e rp rc t a t ign  o f  the  v-ltage 

da t a  i n  terms of pressure,  the above recorded pressure-voltage in fxmat ion  

is presented i n  the  form of f i v e  separate  graphs of Cal ibrat ion Pressure 

versus Densatron Output Voltage a t  constant c a l i b r a t i o n  temperatureo Eheh 

graph then represents  the  voltage-pressure c h a r a c t e r i s t i c  o f  a p a r t i c u l a r  

densatron over one of i t s  f i v e  rangeso 

Cal ibra t ion  Pressure versus Densatron Output Voltage, there  w i l l  alsi, ap- 

pear on each curve a constant ca l ib ra t ion  temperature and Densatron Ampli- 

f i e r  Cal ibra t ion  Voltage. 

l a t e r .  

In  additihm t-, t he  ac tLal  graph of  

The use of these numbers w i l l  be demcJnstrated 

It must be remembered t h a t  each densatron has one s e t  of f i ve  pressure 

c a l i b r a t i o n  curves.  

t h ree  densatrons,  there  must be 15 such separate  c a l i b r a t i o n  curves, one f o r  

each range of each densatron. 

Thus, f o r  each p i t o t - s t a t i c  probe i n  whish there  a r e  

It i s  now a simple matter t o  use the  c a l i b r a t i o n  curves ts determine the  
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measured pressure corresponding to each analog point tabulated i.n the manner 

described in the last section. 

5.3.2 Thermistor Calibration Curves 

A thermistor is simply a semiconductor resistance element that exhibits 

a negative thermal coefficient of resistance. The thermistor may, therefore, 

when employed in a proper circuit, be used to determine an analog temperature. 

This analog is again electrical voltage. Similarly, a temperature-voltage 

calibration of the thermistor circuit must be made. Such a calibration re- 

sults in a graph of temperature versus thermistor voltage output. 

In the SPRL pitot-staticprobe, all thermistors are uniform and there- 

fore require only one such calibration curve. 

With the thermistor calibration curve, the inflight thermistor output 

voltages may easily be converted to temperature. 

5.3.3 Measured Pressures and Temperatures 

Assuming that all of the nezessary calibraticn curves are available along 

with the recorded densatron flight data mentioned in Section 5.2 we may ncw 

proceed with the preliminary data processing. Our goal is to convert the tab- 

ulated data to pressures and temperatures. 

To accomplish this, we must first make use of the Amplifier Calibration 

Voltage. This voltage gives a direct measure of the performance of the Densa- 

tron Amplifier during flight, and allows us to correct any error in the Densa- 

tron Output Voltage caused by amplifier drift. This correction will be il- 

lustrated below. 
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Assume f o r  example t h a t  

Densatron Output = 1 .22  v o l t s  !,,,,,, ,,) 
and 

/ 

Impact 

i = 2 - 5 4  v o l t s  

Now we s h a l l  assume f o r  the sake of i l l u s t r a t i o n  t h a t  Impact Dcnsatr3n Ampli- 

f i e r  Ca l ib ra t i cn  Voltage given on t h e  Range 1 Impact Densatrcn P res swe  C'alj- 

b r a t i o n  curve i s  equal t o  2.56 v o l t s  Comparing t h i s  with f l i gh t  da ta  WF see 

a d i f fe rence  qf 0.020 v n l t s e  

be made t o  the output vol tage given above. 

This means t h a t  a e 'crreet ion ?f 0 320 Tw-:its ZLtst 

O r  simply 

Dens a t  ro n 

Densatron 

D r  i f  

Impact 

output 
1.22 v o l t s  + 0,020 v o l t s  

This cor rec t ion  must be made t o  all densatron output  vTltages as icng a s  the 

i n f l i g h t  Densatron Amplifier Cal ibra t ion  Voltage remains d i f f e r e n t  f r - m  t h a t  

given on the ind iv idua l  densatron c a l i b r a t i o n  curves e 
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A s  a general r u l e  f o r  making t h i s  cor rec t ion  t o  the  analog da ta  l e t  us 

s t a t e  the following: 

Let 

DACV, be a Densatron Amplifier Cal ibra t ion  Voltage 

obtained during pressure c a l i b r a t i o n  

and 

DACVf be t h e  Densatron Amplifier Cal ibra t ion  Voltage 

obtained from f l i g h t  d a t a .  

Further ,  take the absolute  magnitude of t h e  d i f fe rence  of DACV, and DACVf 

which i s  

(DACV, - DACVf I = X 

Now i s  X = 0 then a cor rec t ion  t o  the  Densatron Output Voltage i s  required,, 

and may be applied as follows: 

If 

DACV, > DACVf 

then add X t o  a l l  Densatron Output Voltages t o  obta in  the  corrected values, 

t h a t  i s  

Amplifier D r i f t  
+ x  

Output Vo 1 tage 

a4 
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then  sub t r ac t  X from Densatron Output Voltages t o  ob ta in  the co r rec t  valuess,  

t h a t  i s  

Amplifier D r i f t  

Output 
Corrected = ensatron e 

Output Voltage 

A t  t h i s  time, the analog data f o r  each pressure experiment has beer_ r e -  

corded i n  t i m e  sequence along w i t h  the  appropriate  thermistor  output da ta  

The ampl i f ie r  d r i f t  cor rec t ion  may now be applied t o  the Densatrm Output 

Voltage as previously descr ibed.  

Having completed the above cor rec t ion  f o r  each of the  densatrons we may 

now make use of the  decsatron and thermistor  c a l i b r a t i o n  curvps tr, f ind  the 

pressure and temperature da ta  corresponding t o  each output voltage:.  

e a s i l y  done by simply looking up t h e  pressure o r  temperature corresponding 

t o  t h e  given vol tage.  

f i e r  D r i f t  Corrected Value i n  obtaining the  pressure.  

T h i s  is 

I n  the  case of  the  densatron, be sure  t o  use the Am-pli- 

This procedure must be carr ied out  through the  e n t i r e  measurement range 

of each densatron pressure experiment? 

pressures  and temperatures with respect t o  t ime.  

This data now represents  the  measured 

5.3.4 Gauge Pressure 

To complete the  preliminary d a t a  processing, it i s  now ne7essary t o  u t i l -  
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i ze  Eq. ( I V . 1 )  and the measured gauge temperature along with the constant  c a l -  

i b ra t ion  temperature t o  compute the  a c t u a l  pressures  (Pgauge) experienced by 

the  densatrons during f l i g h t  e 

Recal l ing Eq. ( I V . 1 )  we see, 

( I V . 1 )  

where 

i s  the  a c t u a l  densatron pressure 

i s  the  pressure obtained f o r  a given densatron output  from the 

densatron ca l ib ra t ion  curve 

i s  the  absc lu te  temperature ex i s t ing  i n  the densatron gauge 

during f l i g h t  as measured by the  densatron thermistor  

i s  the  absolute  temperature of  t he  densatron gauge and gas 

temperature during c a l i b r a t i o n .  

'gauge 

Pcal 

Tgauge 

*,a1 

Equation ( I V . l )  may be used d i r e c t l y  t o  compute the  a c t u a l  gauge pressures  from 

the previously obtained measured pressure as follows: 

For each measured densatron pressure and densatron thermistor  tempera- 

tu re ,  compute the r a t i o  T wage/Tcal using the value of Tcal given on the  par-  

t i c u l a r  densatron c a l i b r a t i o n  curve, mult iply the  measured pressure by t h i s  

r a t i o ,  thus obtaining the  desired value of a c t u a l  densatron gauge pressure.  

Such a procedure must be completed f o r  each of t he  f l i g h t  densatron experi-  

ments (Impact, Ambient, and Sp in ) .  

This completes a l l  bu t  one f i n a l  s t e p  i n  processing and organizing the 

r a w  f l i g h t  da ta .  
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5.4 THE TFAJECTORY 

The t r a j ec to ry ,  which i s  given as the  pos i t i on  and ve loc i ty  of the  p i t o t -  

s t a t i c  probe i n  space versus time, i s  received by SPRL from an outs ide agency. 

It i s  received i n  the  form of punched IBM cards and a s e t  of tabula ted  ir,- 

formation pr in ted  from the  IBM cards.  The information contained on the  cards 

is  a time h i s t o r y  of t o t a l  probe ve loc i ty ,  Cartesian t o t a l  ve loc i ty  components, 

probe range, and the  Cartesian range components e 

A computer program has been wr i t t en  which uses the  information on the 

punched IBM cards as input  da ta  whose output cons i s t s  of a t abu la t i cn  of probe 

t o t a l  ve loc i ty  and a l t i t u d e  a t  the exact  time from launch of each of the  f l i g h t  

da t a  po in t s .  

A s  a f i n a l  s t e p  i n  the  organization of the r a w  data ,  the above t r a j e c t o r y  

information ( t o t a l  ve loc i ty ,  V, and a l t i t u d e ,  H )  i s  included i n  the  tabula-  

t i o n  given below. 

5.5 EXAMPLE OF R A W  FLIGHT DATA I N  FINAL FORM 

The data presented i n  t h i s  sect ion i s  a c t u a l  f l i g h t  da ta  from SPfaL NASA 

14.21 flown from Wallops Is land,  Virginia  on 7 Den,. 1963. 

l u s t r a t i o n  of t he  f i n a l  form of  raw f l i g h t  da t a .  

It i s  given as il- 
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DETERMINATION OF AMBIENT ATMOSPHERIC DENSITY 

FROM IMPACT GAUGE PRESSURE 

6.1 INTRODUCTION 

I n  t h i s  chapter, the technique by which the  impact gauge pressure is  i n -  I 

t e rp re t ed  i n  terms of the ambient densi ty  of t he  atmosphere w i l l  be developed. 

The technique w i l l  be based on t h e  theory presented i n  Chapter 111. 

A s  mentioned e a r l i e r ,  t he  aerodynamics of the  probe vehicle  depend on the  

flow region.  

r e l a t i v e  t o  the  mean-free path of the atmospheric p a r t i c l e s .  Because t h e  mean- 

f r e e  path i s  a funct ion of  t h e  density,  and the  dens i ty  a funct ion of  a l t i t u d e ,  

t he  flow regions may be spec i f ied  as ranges i n  a l t i t u d e  f o r  any given probe. 

The flow regions being defined by t h e  dimensions of the  probe 

I n  l i g h t  of t h e  above, the  der ivat ion of ambient dens i ty  w i l l  be ca r r i ed  

out  us ing  continuum theory a t  a l t i t u d e s  below approximately 85 km (continuum 

flow region f o r  the present SPRL P i t o t - s t a t i c  probe 

theory a t  a l t i t u d e s  above approximately 93 la. 

t h e  present  probe e x i s t s  between 85 and 90 km. 

and f r e e  molecular flow 

The t r a n s i t i o n  region f o r  

The system of u n i t s  t o  be used i n  t h i s ,  and following chapters w i l l  be a 

modified MKS system. 

6 0 2  AMBIENT DENSITY DETERMINATION BELOW 85 KM 

I n  the  continuum region, the  equations employed t o  deduce the  ambient den- 

s i t y  from impact gauge pressure a r e  the Rayleigh Supersonic Pitot-Tube Equa- 
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t i on ,  Eq. (111.17) and the  equation of s t a t e ,  Eq. (111.12) which a r e  

~ 

Recal l ing from gas dynamics t h a t  

1 

(111.17) 

and 

where the  symbols have the meanings assigned i n  Chapter 111. 

can be rearranged i n t o  the  form 

Equation (111.12) 

P A = RTa 
P a  

To obta in  an expression f o r  the ambient densi ty ,  t h e  above equation i s  mult i -  

p l i ed  with Eq. (111.17) with the following r e s u l t  

2 a = 7RTa 

where 

C ?  

a is  the  speed of sound i n  the  atmesphere a t  t e n p r a t u r e  T a  

y i s  the  r a t i o  of  s p e c i f i c  hea ts  f o r  a i r  

R i s  the  gas constant per u n i t  mass 

Ta i s  the  ambient atmospheric temperature 
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and t h a t  the  d e f i n i t i o n  o f  Mach number i s  

where 

V i s  the  t o t a l  ve loc i ty  of the vehicle  t o  which the  Mach number 

M r e f e r s  

M i s  the  Mach number 

a i s  the  l o c a l  speed of sound. 

Subs t i t u t ing  these equations i n t o  the expression f o r  Pi/Pa 

1 

which a f t e r  s impl i f ica t ion  becomes 

1 

Solving f o r  the ambient density,  Pa we have 

L e t  us def ine t h e  funct ion 

1 

K ( M )  i s  found t o  be a very weak funct ion of Mach number ( see  Appendix) which 



converges very rapidly to its asymptotic value of 

*For derivation of the constant A,see the Appendix. 
**For tabulated values of K(M) versus M, see the Appendix. 

I 

1 

Bezause of this weak dependenre upon M and its rapid convergence, it can be 

approximated to within less than 1% error over a small range of Mach number 

by a known constant' Let this constait be K(Md where MI is the approximate 

Mach number of the probe based o n  its known velocity and altitude and the 

standard speed of sound at that altitude taken from a standard reference 

atmosphere - 
Using the value of K(M1) and the proper units conversion factor for our 

modified MKS system we see that 

(VI $1) 

where 

pa is the ambient atmaspheric density (kg/m3) for altitudes 

less than 83 km 

is a units conversion factor equal to 1435.064 c 3  gg:fecJ 

Pi 

V 

is the impact gauge pressure (mmHg) 

is the probe total velocity (ft/sec) 

is the approximate probe Maeh number. K(Ml)** 

Equation (VI-1) represents a very simple and very close approximation to 
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t he  ambient atmospheric dens i ty  i n  terms of the  impact gauge pressure f o r  the 

continuum flow region. The degree of approximation i n  Eq. ( V I . 1 )  may be made 

c lose r  through an i t t e r a t i v e  technique. This, however, i s  usua l ly  not neces- 

s a ry .  

properly chosen and a t  t h e  angles o f  a t t ack  experienced i n  f l i g h t .  

The r e s u l t s  using the f irst  approximation a re  t o  within 1% when MI i s  

6.3 AMBIENT DENSITY DETERMINATION ABOVE 9 KM 

I n  the  f r e e  molecule flow region, t he  in t e rp re t a t ion  of impact gauge 

pressure i s  modified due t o  the change i n  flow conditions,  r e l a t e d  t o  the  

change i n  mean-free path of the  ambient atmospheric p a r t i c l e s  r e l a t i v e  t o  

the  probe dimensions. 

which i s  

I n  t h i s  region the governing equation i s  Eq. (111.22) 

where 

(111 -22 ) 

A ca re fu l  study of t h e  behavlor of F(S) (see Appendix f o r  p l o t  of F(S) 

versus S) shows t h a t  F(S) becomes l inear  i n  S f o r  S s u f f i c i e n t l y  large. 

is  w i t h  negl ig ib le  e r r o r  

That 

It is  e a s i l y  shown t h a t  the  condition t h a t  S be grea te r  than one implies 

t h a t  the  Mach number M of the  probe must s a t i s f y  t h e  following condition 
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M > S 6 1.80 

f o r  

7 = 1.4 

This condi t ion i s  e a s i l y  s a t i s f i e d  by the  SPRL P i t o t - s t a t i c  probe throughout 

i t s  e n t i r e  measurement region from 20 t o  120 km. 

Under t h i s  minor r e s t r i c t i o n ,  then, Eq. (111.22) may be r ewr i t t en  

Recall ing t h a t  

The above statement becomes 

Making use of the equation of  s t a t e ,  E q .  (111.12) i n  the  above, we have t h a t  

and 

Now, so lv ing  fo r  t he  ambient atmospheric densi ty ,  pa, and s implifying 

P a  Pi 
vx 
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We a l s o  know t h a t  

v, = v cos a 

where 

V i s  the  t o t a l  ve loc i ty  of  the probe 

a i s  the  probe angle of  a t t ack .  

Making t h i s  subs t i t u t ion ,  t h e  expression f o r  pa becomes 

P i  P a  J 2 r r R K v  cos a 

Let us now define 

where 

- 
A i s  the same constant  given i n  Eq. (VI.2) 

with t h i s ,  we  have f i n a l l y  

where 

pa i s  t h e  ambient atmosphere dens i ty  (kg/m3) f o r  a l t i t u d e s  g r e a t e r  
than  90 km 

( V I  .2) 

- 
B* i s  a dimensional constant equal  t o  10.257 ft kg'Ko based on t h e  

assumed value of  molecular weight f o r  air  of 28.72 which i s  v a l i d  
sec m 3  [m Hg ] 

f o r  t he  atmosphere between 90 and 120 km 

*The constant i s  derived i n  the  Appendix. 

95 



pi 

Ti 

V 

a 

is the impact gauge pressure (mm Hg) 

is the measured impact densatron gauge absolute temperature ( O K )  

is the probe total velocity (ft/sec! 

is the probe angle of attack (degrees). 

Through the use of Eq. (VI.2) we are now in the position to interpret 

the impact gauge pressure in terms of the ambient atmospheric density at 

altitudes above 90 km for the present SPRL Pitot-static probe. 

tion, it must be remembered, is an approximation dependent not only upon the 

simplifying assumptions made in its derivation, but on the mean molecular mass 

of the atmospheric particle. 

is linear in S for M >l.5 introduces negligible error in the final density 

expression. The error introduced by assuming a constant molecular weight 

for the entire FMF measurement (90-120 km) may be further minimized by as- 

suming a variable composition. This, however, based on our present knowledge 

of the composition of the Upper Atmosphere, is not necessary, for the error 

introduced by the assumption is of the order of 0.38 at the end points of the 

region. 

This equa- 

The error involved in the assumption that F(S)  

6.4 SUMMARY OF DENSITY FORMULAE 

To summarize the results of the two previous sections, we will simply 

restate the final expressions and the applicable flow region. 
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Co nt i nuun Flow 

where 

P, 

pi 

V 

K(M1) 

M1 is the approximate probe Mach number. 

is the ambient atmospheric density (kg/m3) 

is the impact gauge pressure (mm Hg) 

is the probe total velocity (ft/sec) 

is the value of K(M) at M1 (see the Appendix) 

Equation ( V I . 1 )  is applicable for altitudes below 85 km. 

Free Molecule Flow 

where 

pa 

Pi 

Ti 

V 

is the ambient atmospheric density (kg/m3) 

is the impact gauge pressure (mm Hg) 

is the impact densatron gauge temperature (OK) 

is the probe total velocity (ft/sec) 

is the probe angle of attack (degrees) a 

Equation (VI.2) is applicable for altitudes between 90 and 120 km. 

(VI -1) 

( V I . 2 )  
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CKAPTER V I 1  

DE!TERMINATION OF AMBIENT ATMOSPHERIC PRESSURE 

7.1 INTRODUCTION 

The determination of t h e  ambient atmospheric pressure from the  r a w  da ta  

of  t h e  P i t o t - s t a t i c  probe i s  considerably e a s i e r  than e i t h e r  of the o the r  

two des i red  parameters. The reason f o r  t h i s  i s ,  i n  accordance with Refs.  

1 and 2,  t h a t  the SPRL P i t o t - s t a t i c  probe i s  designed such t h a t  the  ambient 

densatron gauge pressure is  very c lose  t o  the  ambient a t m s p h e r i c  pressure 

i n  the  continuum flow region I n  addi t ion  t o  

t h i s  d i r e c t  measurement of  the  ambient atmospheric pressure,  t he  Hydrostatic 

L a w  may be used i n  a straightforward 

pressure from t h e  previously determined ambient dens i ty .  

(below approximately 85 km). 

manner t o  deduce t h e  ambient atmospheric 

7.2 DIRECTLY MEASURED AMBIENT PRESSURE 

I n  the continuum-flow region, the ambient pressure i s  measured d i r e c t l y  

a t  the  manifold ambient chamber located as shown i n  F ig .  N.l. Wind tunnel  

inves t iga t ions  by I;aurmannl show t h a t  t h e  surface pressure a t  t h i s  loca t ion  

on t h e  cy l ind r i ca l  body of t he  probe i s  within l e s s  than 1% of ambient, and 

t h a t  the manifold chamber minimizes deviat ions from the ambient pressure 

caused by bow-shock perturbations,  boundary l aye r  in te r fe rence  due t o  the ex- 

pansion a t  the  f lare,  and nonaxial flow about the probe. Recent f l i g h t  t e s t -  

da ta  from two SPRL P i t o t - s t a t i c  probes ind ica tes ,  contrary t o  wind tunnel i n -  

formation, t h a t  surface pressure a t  the  ambient chamber i s  approximately 4% 

99 



lower than ac tua l  ambient pressure.  

Expressed mathematically, the above statement becomes 

Pa - = 1-04 
Pgauge 

( V I 1  .A) 

where 

Pgauge 

Pa i s  the ambient atmospheric pressure.  

i s  the ambient densatron gauge pressure 

Equation ( V I I . l )  is  va l id  i n  the  continuum flow region only.  

A s  discussed i n  Chapter I11 the  pressure measured i n  t h e  ambient chamber 

i n  the  f r e e  molecule flow region w i l l  d i f f e r  i n  magnitude from the a c t u a l  

ambient pressure due t o  the  thermal t r a n s p i r a t i o n  e f f e c t  as given by Eq. 

(111 023) 

Pa 
( 111 e23) 

where 

Pgauge 

Pa 

Tgauge 

Ta 

is t h e  ambient densatron gauge pressure 

i s  t h e  ambient atmospheric pressure 

i s  t h e  ambient densatron gauge temperature 

i s  the ambient atmospheric temperature. 

Thus, according t o  Eq. (11123), the ambient pressure cannot be found by using 

the  manifold chamber pressure u n t i l  the  ambient atmospheric temperatwe as 

known. This problem i s  circumvented by t h e  considerat ion of t he  next sec t ion .  
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7.3 AMBIENT PRESSURE DE2ERMINATION THROUGH THE USE OF THE HYDROSTATIC LAW 

An a l t e r n a t e  approach, which i s  independent of the flow region, t o  the 

determination of the ambient atmospheric pressure u t i l i z e s  the previously 

determined ambient dens i ty  and the Hydrostatic Law as given by Eq.  (111.13) 

%. dH = - pag(H) (111.15) 

Equation (111.15) may be integrated with respect  t o  H as follows 

(vr1 .2)  

where 

H1 i s  an a r b i t r a r y  a l t i t u d e  a t  which the  value of Pa is  desired 

Href i s  an a r b i t r a r y  reference a l t i t u d e  g rea t e r  than H1. 

The i n t e g r a l  indicated by Eq.  (VII.2) must be evaluated numerically. 

l u s t r a t e  t h e  use of t h i s  technique i n  determining the ambient pressure pro- 

f i l e ,  l e t  us rewrite Eq.  ( V I I . 2 )  i n  a s l i g h t l y  d i f f e r e n t  but  equivalent form. 

To il- 

o r  

where 

j 'a,Hj 

'a,Href 

i s  the ambient atmospheric pressure a t  an a l t i t u d e  H 

i s  the  ambient atmospheric pressure a t  an a r b i t r a r y  high r e f -  

erence a l t i t u d e .  
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Hn 
r 

H(n-1) > Hn,% = Hr,f 

To evaluate  the i n t e g r a l  i n  Eq. (VII.3), we f i rs t  p l o t ,  us ing l i n e a r  s ca l e s ,  

the  ambient atmospheric dens i ty  i n  kilograms per cubic meter versus a l t i t u d e  

i n  ki lometers .  On t h i s  p l o t  subdivide the  a l t i t u d e  range i n t o  one-half 

kilometer increments and in t eg ra t e  graphica l ly ,  using the  value of  g cor-  

responding t o  the a l t i t u d e  i n  question. The value of AP would then be 

given as 

a , n  

= Sn(SF) D 
"a, n g0 

where 
Hn 
n 

(VII.4) 

Sn i s  the t o t a l  a rea  under the  dens i ty  p r o f i l e  as determined by 

graphical i n t eg ra t ion  between H( n-1) and Hn 

SE' i s  the sqa le  f a c t o r  of the  p l o t  of ambient dens i ty  versus 

a l t i t u d e  ( kg/m2 i n  n 2  ) 

g i s  the  acce lera t ion  due t o  g rav i ty  a t  an a l t i t u d e  midway between 

H ( E - ~ )  2nd B(n) .  (m/sec2> 

i s  the  acce lera t ion  due t o  g rav i ty  a t  the  surface of the e a r t h .  

(,/see2) 

g0 

D i s  a u n i t s  conversion f a c t o r  equal t o  0.07356 (y) . 
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The value of Pa H o r  reference pressure may be determined i n  e i t h e r  
7 r e f  

of  two ways, t h e  l a t te r  being preferred.  

be the value of Pa obtained from a Standard Reference Atmosphere correspond- 

i n g  t o  the  a l t i t u d e  qef. 
a pHref 

t h e  previously determined densi ty  a t  Href and a n  assumed value of atmospheric 

temperature obtained from the  Standard Atmosphere corresponding t o  t h e  a l t i -  

tude qef in to  the  equation of s t a t e .  

F i r s t ,  Pa H may be assumed t o  
J r e f  

Second, P may be computed by s u b s t i t u t i n g  

Since t h e  a c t u a l  in tegra t ion  process described here takes  place start-  

i n g  a t  a high a l t i t u d e  (Href )  and proceeds t o  a low a l t i t u d e ,  the  e r r o r  i n -  

curred because of an improper choice of Pa 

shown t h a t  t h e  choice of Pa H 

w i l l  r ap id ly  converge t o  within less than 1% of the t r u e  ambient pressure 

when the  d i f fe rence  between t h e  a l t i t u d e  i n  question and the a l t i t u d e  Href 

i s  equal t o  approximately 15 km. 

parent  by i t s  complete incompatabili ty with t h e  r e s u l t i n g  pressure p ro f i l e ,  

and another value whice gives more rapid convergence should be se lec ted .  

i s  minimized. It can be 
7 r e f  

i s  r e l a t i v e l y  unimportant and Eq. ( V 1 I . g )  
7 ref 

A poor choice of Pa i s  r e a d i l y  ap- 
7 ref 

7.4 CONCLUSION 

A s  is  r e a d i l y  seen, the ambient atmospheric pressure i s  measured d i -  

r e c t l y  at the  manifold chamber in  the  continuum flow region, and i s  found 

through the  use of the Hydrostatic Law i n  both the  free molecule and con- 

tinuum flow regions.  This redundency of measurement i s  inherent  i n  t h e  m u l -  

t i p l e  sensing system employed by t h e  P i t o t - s t a t i c  probe. 

t o  maintain a r a the r  high degree of measurement redundency i n  the  design of 

upper atmosphere experiments for  s eve ra l  reasons.  Two of which are: 

It i s  important 

(1) 



i f  self-consis tency e x i s t s  among the  da ta  r e s u l t i n g  from the  various methods 

of determining an atmospheric parameter, increased confidence can be had i n  

the  measured values of these parameters; and (2) redundency a l s o  helps main- 

t a i n  minimum data loss i n  the  event of f a i l u r e  o r  improper operat ion of  inde- 

pendent p a r t s  of the o v e r a l l  system. 
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CHAPTER VI11 

DETERMINATION OF AMBIENT ATMOSPHERIC TEMPERATURE 

8 1 INTRODUCTION 

Ambient temperature in the upper atmosphere is perhaps the most signif- 

icant of the three parameters yet discussed. It is this parameter which is 

m s t  closely related to the important physiochemical reactions which result 

in the heating and cooling of the upper atmosphere, 

ing processes then determine the basic meteorology of the upper atmosphere. 

Thus, a need for a knowledge of the ambient temperature is readily apparent. 

These heating and cool- 

In addition to being the more basic and important of the parameters of 

the atmosphere it is also the most difficult to obtain. At present, there 

is no simple method by which the ambient temperature may be measured directly 

with the degree of accuracy required. Thus, the experimenter must rely on 

techniques for interpreting directly measured quantities in terms of the 

ambient temperature. 

8.2 AMBIENT TEMPERATURE THROUGH THE USE OF THE STATE EQUATION 

A first method for deducing the ambient atmospheric temperature in terms 

of the ambient density and pressure is a straightforward substituting of the 

known quantities into the equation of state which may be stated 

(VI11 .l) 



where 

Ta is the ambient atmospheric temperature at an altitude H(OK) 

Pa is the ambient atmospheric pressure at the altitude H 

pa is the ambient [m Hg] atmospheric density at the altitude H. 

(kg/m3) 

R is the gas constant per unit mass whose value is 20153 b!-%-b? 
kg O K  

based on a molecular weight for air of 28.9644. 

This equation may easily be set up in tabular form and the required cal- 

culation carried out for each altitude at which a value of ambient density 

and pressure exists a 

Equation (VIII.1) represents an extremely simple method for determing 

the ambient temperature from the primary data obtained from the Pitot-static 

probe. Because the primary data from the Pitot-static is continuous with re- 

spect to altitude, a continuous temperature profile is readily obtained. 

8.3 AMBIENT TEMPERATURE THROUGH USE OF THE HYDROSTATIC LAW IN COMBINATION 
WITH THE EQUATION OF STATE 

Still a second technique which is based on the so called pressure scale 

height may be derived from the Hydrostatic Law as given by Eq. (111.13) 

and Eq. (111.12) 

Pa = paRTa e 

Equations (111.13) and (111.12) may be combined as follows 
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I 
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which, upon in t eg ra t ion  between the  l i m i t s  of Pal, and Pa2, and HI and H2 re- 

spect ively,  

Here it should be noted t h a t  g, R, and Ta have been considered constant w i t h  

respec t  t o  the integrand dH on the r i g h t  hand s ide  of the  equation. This as- 

sumption i s  va l id  as long as the  a l t i t u d e  increment ?&-HI i s  kept very small. 

The above expression may now be solved f o r  Ta, and a f t e r  some manipula- 

t i o n  t h e  expression f o r  T, becomes 

where 

T, i s  the  ambient atmospheric temperature (OK) 

g 

go 

i s  the  acce lera t ion  due t o  g rav i ty  a t  a l t i t u d e  H(m/sec2) 

i s  the  acce lera t ion  due t o  g rav i ty  a t  the surface of  t h e  

ea r th  (m/sec2) 

(VIII.2 ) 

go/R is  the  r a t i o  of the  accelerat ion due t o  g rav i ty  a t  the e a r t h ' s  

surface t o  the  gas constant per  u n i t  mass whose value i s  34.154 

( O K / k m )  based on a molecular weight of 28.9644 f o r  air  

AH i s  the  small a l t i t u d e  increment (H2-H1) under considerat ion (km) 

P1 

P2 

i s  t h e  ambient atmospheric pressure a t  a l t i t u d e  H1 (mm Hg) 

i s  the  ambient atmospheric pressure a t  a l t i t u d e  & (mm Hg). 



Equation (VIIIs2) is readily adapted to tabular computation using the 

values of g/go given in the Appendix. The value of AH should be the order- 

of one kilometer t3 avoid the possibility of "too much averaging" in the 

final resulting temperature. This calculation should be carried out using 

all ambient pressure data obtained, thus yielding a continuous temperature 

profile for the entire measurements region of the Pitot-static probe.. 

8.4 AMBIENT TEMPERATURE IN THE CONI'TNUUM FL3W REGION FROM THE RAYLEPGH- 
PITOT-TUBE EQUATION 

Still another technique for deducing the ambient atmospheric tempera- 

ture in the continuum f l o w  region from the primary pressure data of the 

pitot probe may be derived from the Rayleigh Supersonic Pitot-Tube Equation, 

Eq. (III.17) 

which may be put in the form of Eq.  (VI.1) 

Recall the equation of state 

or 

This expression may be substituted into Eqo (VI.1) to give 

(v1.1) 

(I11 -12 ) 
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which may now be solved for the ambient temperature as 

(VIII.3) 

where 

is the ambient atmospheric temperature (OK) 

is the value of K(M) at M1 dimensionless 

'a 

K(M1) 

M1 is the approximate probe Mach number 

V is the probe total velocity 

Pi is the impact densatron gauge pressure (m Hg) 

Pa is the ambient atmospheric pressure (mm Hg) 

A 
- 

is a unit conversion factor equal to 1435.064 

R is the gas constant per unit mass equal to 2.153 

Equation (VIII.3) may be used on a point by point basis in the continuum 

flow region to obtain a continuous ambient temperature profile over the entire 

flow region. 

It is important to remember that Eq. (VIII.3) is not valid in the free 

molecule flow region. 

8.5 AMBIENT TEMPERATURE IN THE FREE MOLECULE FLOW REGION 

An expression for the ambient atmospheric temperature in the free mole- 

cule flow region may be developed in a manner similar to that for Eq. (VIII.3). 

For this development we make use of Eq. (VI.2) 
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and the  equation of state 

Combining Eq.  ( V I . 2 )  and (IIIo12) and solving f o r  IT, we have 

(VI .2) 

(111.12) 

( V I I I . 4 )  

where 

Ta i s  the ambient atmospheric temperature ( " K )  

Ti i s  the measured impact densatron gauge temperature ( O K )  

V is t he  probe t o t a l  veloc.i ty ( f t / s e c )  

Q i s  the probe angle of a t t a c k  (degrees)  

Pa i s  the ambient atmospheric pressure (mm Hg) 

Pi 

B i s  a un i t s  conversion f a c t o r  equal t o  10.257 

i s  the impact densatron gauge pressure (mm Hg) 

f t  kg K' - 

sec m3 [mm Hg] 
based on the assumed value of molecular weight f o r  a i r  03 28.72 

f o r  a l t i t u d e s  between 90 and 120 km 

[mm Hg]m3 
kg O K  

R i s  the  gas constant  per u n i t  mass equal t o  2,172 

based on molecular weight of 28.72 

Equation ( V I I I . 4 )  thus  gives t h e  ambient temperature i n  terms of the  p r i -  

mary pressure measurements made by t h e  P i t o t - s t a t i c  probe i n  the  f r e e  mole- 

cule  flow region. 

Another i n t e re s t ing  approach t o  t h e  determination of ambient temperature 
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in the free rzolecule flow region which has not yet Seen employed with the 

Pitot-static probe data is based on the previously mentioned thermal trans- 

piration effect. This technique requires an accurate determination of am- 

bient gauge pressure and gauge temperature. To illustrate, recall Eq. 

( 111 .23) 

where 

Pgauge is the ambient gauge pressure in free molecule flow 

is the ambient atmospheric pressure Pa 

Tgauge is the ambient gauge temperature 

Ta is the ambient atmospheric temperature. 

Writing Eq. (111.23) in terms of ambient temperature, we have 

(111 * 2 3 )  

(VI11 .?) 

Equation (VIII.5) shows that if the three parameters, Tgauge, Pa, and Pgauge 

can be accurately determined in the free molecule flow region, then the am- 

bient temperature may easily be deduced. 

This method shows much promise for the near future, for it is now be- 

coming possible, with increased sensitivity of the densatron, to obtain an 

accurate measure of the ambient gauge pressure in free molecule flow. The 

gauge temperature is directly measured, and the ambient atmospheric pressure 

is easily obtained from the impact pressure measurement. 
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8 -6 AMBIENT TEMPEBAVJRE FROM DIRECT INTEGRATION OF AMBIENT DENSITY 

I n  addi t ion t o  the  method of determining developed above, one may de- 

velop an expression f o r  atmospheric temperature a t  a l t i t u d e  "H" i n  terms of 

the temperature a t  a reference a l t i t u d e  ''Href1' and the  ambient dens i ty  pro- 

f i l e  . 
This development again makes use of t he  theory presented i n  Chapter 111. 

To begin,  we make use of Eq.  (111.13) which i s  the  Hydrostatic Law, 

a = - pag(H) 
dH 

(I11 .Yj) 

and the  equation o f  s t a t e  

(111.12) 

Equation ( 1 1 1 . 1 2 )  may be d i f f e r e n t i a t e d  t o  y ie ld  

dPa = Rd(paT) 

which may be subst tuted i n t o  EqG (111.15) and w r i t t e n  as 

Pag dH d(pTa) = - 
R 

(VIII .6) 

Equation (v111.6) may be in tegra ted  between the  l i m i t s  H and Href giving the  

des i red  result 

H 

( V I 1 1  - 7 )  



where 

Ta ,H  

Ta 7 Hre f 

P a j H r e f  

Pa ,H  

R 

Href 

H 

g 

i s  

i s  

i s  

i s  

i s  

i s  

i s  

i s  

the  ambient atmospheric temperature a t  a l t i t u d e  H (‘K) 

the  ambient atmospheric temperature a t  a l t i t u d e  Hr,f 

the  ambient atmospheric dens i ty  a t  a l t i t u d e  H r e f  

the  ambient atmospheric dens i ty  a t  a l t i t u d e  H 

the  gas constant per u n i t  m a s s  

an a r b i t r a r y  high reference a l t i t u d e  

a general  a l t i t u d e  

the acce lera t ion  due t o  grav i ty .  

I n  the  above, Eq. (VII I .7) ,  HTef i s  spec i f ied  t o  be g r e a t e r  than H f o r  t he  

following reason: 

t i t u d e  and continued downward, the e r r o r  incurred i n  t h e  in t eg ra t ion  becomes 

progressively more independent o f  the  e r r o r  i n  Ta,Href and of t h e  e r r o r  i n  

t h e  dens i ty  p r o f i l e  i n  the  v i c i n i t y  of pa,Href, bu t  becomes almost e n t i r e l y  

dependent upon the  e r r o r  i n  the  dens i ty  p r o f i l e  i n  t h e  region j u s t  p r i o r  t o  

If the  computation o f  temperature i s  begun a t  a high a l -  

8.7 CONCLUSION 

An important conclusion t o  be drawn a t  t h i s  t i m e  i s  based on the f a c t  

t h a t  even though we have present four  formulae f o r  determining t h e  ambient 

atmospheric temperature, t he re  is i n  r e a l i t y  only  two bas i c  approaches used. 

Careful s tudy  of Eqs .  ( V I I I * l ) ,  ( V I I I . 3 )  and ( V I I I . 4 )  show t h a t  t hese  are 

a c t u a l l y  the equation of  s t a t e  wr i t ten  i n  a form which u t i l i z e s  t h e  p i t o t -  

s t a t i c  probe da ta  d i r e c t l y .  

hand are simply forms of the Hydrostatic Law. There are of  course seve ra l  
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other expressions of ambient temperature in terms of the primary pitot- 

static data but they must all be based either on the equation of state or 

the Hydrostatic Law. 
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APPENDIX 

PHYSICAL CONSTANTS AND CONVERSION FACTORS 

A .  1 INTRODUCTION 

To f a c i l i t a t e  the  da ta  reduction procedures presented i n  the  body of 

t h i s  r epor t ,  t he  following sect ions containing necessary constants,  conver- 

s i o n  f a c t o r s ,  and tabulated da ta  are presented. 

I n  these  sec t ions ,  the  following information w i l l  be found: (1) Often 

used physical  constants and un i t s  conversion f ac to r s ;  ( 2 )  Derivation of the 

- - 
constants  A and B found i n  Chapter V I ;  ( 3 )  Tabulation and p lo t  of the  funct ion 

K(M) found i n  Chapter V I ;  ( 4 )  Tabulation and p l o t  of t he  funct ion FLS) a l s o  

found i n  Chapter V I ;  Tabulation of t h e  values of t h e  r a t i o  g/g, f o r  an a l t i -  

tude range of 0 t o  100 km. 

A.2 PHYSICAL CONSTANTS AND CONVERSION FACTORS 

A . 2 . 1  Physical  Constants and Formulae 

The following i s  a l i s t  of the most o f t e n  used physical  constants:  

Avogadro's Number (number of molecules i n  one mole) (1) 

(2)  Boltzmann's Constant 

k = 1.3804 x joules/"K 



(3 )  Density o f  Mercury a t  273.15'K 

= 13,595.04 
m 3  

(4) Acceleration due t o  Gravity a t  Sea Level 

9.8066 
sec2 

(5) Molecular Weight of A i r  a t  Sea Level 

MWo = 28.9644 x 10-3 kg 
mole 

(6) G a s  Constant per Unit Mass of  A i r  a t  Sea Level 

'oule R = 287.128 % 
kg K 

( 7 )  The Rat io  go/R f o r  A i r  a t  Sea Level 

gQ/R = 34.154 x - O K  

m 

A . 2 . 2  Conversion Factors 

The following important, o f t en  used, conversions a re  presented f o r  r e f -  

erence * 

kg m2 1 joule = 1 n t  m = 1 - 
sec" 
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1 mm Hg = 13.595 kgFoRCE 
m 2  

1 kgFoRCE = 0.07356 [mm Hg] . 
2 m 

A.2.3 Conversion Formulae 

I n  general ,  the  physical constants presented i n  A.2.1 are va l id  f o r  use 

i n  t h e  da t a  reduction formulae i n  the a l t i t u d e  range of 0 t o  90 km. 

event, t h a t  it i s  necessary to  reduce da ta  f o r  a l t i t u d e s  above 90 km, the  f o l -  

I n  the  

lowing formulae may be used to  recompute the  values o f  t he  necessary constants  

taking i n t o  account t he  change i n  molecular weight of air which occurs above 

t h i s  a l t i t u d e .  

- - 
A . 3  DERIVATION OF THE CONSTANTS A AND B 

- - 
A s  s t a t e d  i n  Chapter V I ,  the  constants  A and B a r e  u n i t s  conversion f ac -  

t o r s .  To determine the  value f o r  each of these constants,  it i s  necessary 

t o  make a dimensional ana lys i s  of t he  formulae i n  which they are found. 

- 
The Constant A 

This constant i s  found i n  Eq. ( V I . l )  

( V I . 1 )  



If P i  i s  given i n  [mm Hg] and V2 i n  ( f t / s e c ) 2  then: 

- 
Thus, the u n i t s  o f  A a r e :  

o r  

1- k f t 2  1 
m 3  see2 [mm Hg] 

kgFoRCE m kg 
m 2 [ m  Hgl  FORCE 

x 9.8066 - f t2  
m2 

- 
A = 10.764 - x 13.595 

Carrying out  the operations 

kg f t 2  1 - 
A = 1435.064 - - m3 see2 [mm Hg] 

The Constant B 

Similar ly ,  t h i s  constant i s  found i n  Eq.  (VI.2) 

( V I  .2 )  

- 
where B is  given by 

d2rtR see m3 [mm Hg] 

A dMw 
&& 3.2808 

- 
E = -  

- 1435.064 & 
B =  

7.2283 x 3.2808 
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- f t  kg f i  B = 60.514&%-- - 
see m 3  [m Hg] 

- 
which i s  the  general  equation f o r  B. 

If the  m l e c u l a r  weight of a i r  i n  the  a l t i t u d e  range 90 t o  I20 km i s  

taken as 

MW = 28.72 x kg 
mole 

- 
Then B becomes 

f t  d°K 
see m 3  [mm Hg] 

- 
B = 10.257 - 
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A . 4  TABLE ADD GRAPH OF K(M) V S .  M FOR A I R  (pps .  123-126) 
y = 1 . 4  

GRAPH: K(M) vs. M 
y = 1 . 4  
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* u u u u u u u u u u u u J .+ * u u u v\ VI tn (A m v\*n m VI n m m v\ 0 in tn VI tn VI L? U-I VI m LT VI a m tn v\ L? m n VI n m 

L? a I- cc CF o 4 N m u tn QP- 00 (r o -, N m u m a I- 63 CF o 4 .u m u n a pc w Q o - N m u ~n 9 r- m a- (J 4 N m u n a P- m o 
N N N .u ry m m m m m .sl m m m m u u u c u U u rt u u m n m tn v\ 'n L? tn ul tn a 9 Q .a 9 a 9 0 9 9 + IC r- r- I- I- r- r- r- I- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Q u u u u u u u u u u c u ~ * u u u u u u u u u u u u ~ u u u u u u u ~ u u u u u u u ~ u u u u u u v u u u ~ *  
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h 

d -  E + -  
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A . 5  TABLE AND GRAPH OF F(S) VS. S (pps.  128-132) 

GRAPH: F (S )  vs. S 
F(S)  VS. -S 



S 
-3.00 
-2.90 
-2.80 
-2.70 
-2.60 
-2.50 
-2.40 
-2.30 
-2.20 
-2.10 
-2 . 00 
-1.90 
-1.80 
-1.70 
-1.60 
-1.50 
-1.40 
-1.30 
-1.20 
-1.10 
-1.00 -. 90 

- 0 8 0  -. 70 
-.60 -. 50 
-.40 
- 0  30 
-020 
- 0  10 . 00 . 10 . 20 
-30 
- 4 0  
50 
60 
-70 
- 8 0  
90 

1.00 
1.10 
1.20 
1.30 
1-40 
1.50 
1.60 
1-70 
1.80 
1.90 
2.00 
2.10 
2.20 
2-30 
2-40 

F ( S )  
.00001 
.CC)OOl 
.00002 
000004 
.00007 
.00013 
.00022 
,00038 
,00064 
.GO107 . 00 173 
-00277 
,00436 
,00674 
.e1023 

-02246 

.e4618 

,08908 

oC1529 

,03247 

0 C6464 

0 12089 
016161 
-21288 
,27640 
035387 
,44690 
055695 
-68525 
-83274 

1 .ooooo 
1.18722 
1 . 39421 
1.86482 
2.12627 
2.40328 
2 -69424 
2,99745 

1.62039 

3.31121 
3,63388 
3 . 96392 
4,29994 
4.64071 
4.98518 
5.33249 
5 . 6 8  19 1 
6.03290 
6.38500 
6.73763 

7.44515 
7.79920 
8.15342 
8.50774 

7.G9133 
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S 

2.50 
2.60 
2.70 
2.80 
2.90 
3.00 
3.10 
3.20 
3. 30 
3.40 

3.60 

3.80 

3.50 

3- 7 0  

3.90 
4 - 0 0  
4.10 
4.20 
4.30 
4.40 
4. 50  
4.60 
4.70 
4.80 
4.90 
5.00 
5.10 
5.20 

5.40 
5.50 
5.60 

5.80 
5.90 
6.00 
6.10 
6.20 
6.30 
6.40 
6.50 
6.60 
6.70 
6.80 
6.90 
7.00 
7.10 
7.20 
7.30 
7.40 
7.50 
7.60 
7.70 
7.80 
7.YO 

5. 30 

5.70 

8.86213 
9 .21655 
9 .57100 
9 .92546 

10.27Y93 
10 - 6  3441 
10 .9UR88 
11.34336 
1 1  - 6 9 7 8 4  
12 . 0 5 2  32 
12 - 4 0 6 8 0  
12 .76128  
13.11576 
13 4 7 0 2 4  
13.82472 
14.17920 
1 4  - 5 3 3 6 8  
14 .88816  
1 5  2 4 2  64 
15 3 9 7 1 2  
15 .95160 
16.30608 

17.C 1 5 0 4  
17.36952 

18 .07848 
18 .43296 
18 .78744 
19 .14192 
1 9  . 4 9 6 4 0  
19.85088 
20.20536 
20  . 5 59  8 4  

21 .26880 
21.62328 
2 1 . 9 7 7 7 6  

22 .68672 
2 3  . 0 4  120  
23 . 3 9 5 6 8  
23.75016 
2 4  . 1 0 4 6 4  
24 - 4 5 9 1 2  
24.8 136G 

25.52256 
25 .87704  
26 . 2 3 1  52 
26.5860C 
26.94048 
27 .29496 
27.64944 
28 .00392 

16 .66056 

17 .72400 

20 ,91432 

22 33224  

25.16808 



S 

8.00 
8.10 

8.30 
8.40 
8.50 
8.60 
8.70 
8.80 
8.90 
9.00 

8.20 

28.35840 
28.71288 
29 .06736  
2 9 . 4  2 1 8 4 
29.77632 
30.13080 
30.48528 
30 ,83976  
31 . 19424 
31.54872 
3 1.90320 

, I N P U T  D A T A  HAVE B E E N  P R O C E S S E D .  
LOC 26650 
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I 
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-5 - 4  - 3  - 2  - I  

-- s 

F(S)  VS. -S 
1 
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AL 1 

0 
1 
2 
3 
4 
5 
6 
7 
u 
Y 

10 
1 1  
12  
1 3  
1 4  
1 5  
10 
1 7  
18 
19  
2 0  
2 1  
22 
2 3  
2 4  
2 5  
7 6  
2 'I  
2 8  
2 9  
30 
3 1  
3 2  
3 3  
3 4  
5 5  
36 
37  
3 8  
3 9  
4 0  
4 1  
4 2  
4 3  
4 4  
4 5  
4 6  
47  

4 3  
5Ll 
5 1  
5 2  
5 3  
5 4  

Ltn 

G 

9.1fQ6G 
9 .  S O 5 5  
9.8005 
9.7974 
Y .  7 9 4 3  
Y.7912 
9.7082 
Y.7851 
9.7820 
9.7783 
9 .7759  
9.7728 
9.7697 
9.7666 
9 .7636  
9.7605 
9 ,7575  
9 .7544  
9 .7513  
Y .  7482  
9.7452 
9 .7421  
9 .  7391  
9.7360 
9 .7330  
9.7299 
9 .7269  
9 .7238 
9.7208 
9.7177 
9.7147 
9.7116 
9,7086 
9 .7056  
9.7026 
9 .6995  
9.6965 
9.6934 
9.6904 
9 . 6 8 7 4 
9.6844 
Y.6813 
9.6783 
9,6753 
9.6733 
9.6693 
9.6663 
9.6632 
9 .  66,132 
9.b557 
Y . 6 5 1 2  
9.64 37 
9 . 6 4 H 2  
9 . 6 4 5 1  
9.642 1 

G / G C  

1 . 0ooc  . 99'17 . 4 9 '>4  . 999 1 . '498 7 
0'9984 
.99H1 
. 9 Y 7 R  . 9 9 7 5  
0 9 9 7 2  
,9969 . 9 9 6 6  
.9Y62 
09959  
.9956  
,9953 . 9 9 5 0  
,YO47 
,9944 . 9 9 4 0  
.YY37 
09934  
.YY31 
.9Y28 . 992  5 . 9922  
.991Y 
.9Y16 
. 3 9 1 3  . Y900 
. 350C 
.9YL73 
. Y Y O O  . YF!Y 7 . '1894 
. 3 R 9 1  
.3R88 
.Y885 
.9:1u2 
.997u 
.9t375 
,C)h72 
.9C69 
.9t?66 
.9R63 
.YH60 . 9t!5 I 
0 9 8 5 4  

- 9 8 4 6  
.Yd4 2 
.9F4C 
. Y b 3 P  
. Y E 3 5  . '9 b 3 2 

,,*>c 1 . YO-3  1 
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34.1540 
34.1434 
L4.1328 
34.1220 
34 .1112  
54.1305 
34 .0599  
54.0791 
34.06 8 3  
34 .0577  
3 4 , 0 4 7 1  
34.3363 
34.0255 
34.0149 
34.2042 
33.4936 

33.9722 
33 .9614  
33.9508 
33.Y40.2 
33.9295 
33.9167 
33.9383 
33.8977 
33.8R70 
33.87.64 
33.e650 
33.8552 

33 .  b 3 3 9  
3 3 . 8 2 3 3  
33.8127 

33.7918 
33.78 12 
33 . 1765 
33.7599 
33.7493 
33.7389 
33.7284 
33.7178 
33.7072 
33.iJY67 
3 3 . 0 8 0 3  
33.6758 
33.6654 
33.6547 

33.0285 
5 3 . 6 1 2 9  
33.6076 
3 3 . 6 0 2  3 

33.2311 

j 3 . 9 a m  

33 . a446  

~ ~ 8 e 2 2  

2 >  L l l l  
J J . V - 7 - r L  

3 3 . 5 9 1  r 



.JL T G 

5 5  
5 6  
57  
5 8  
5 9  
6 0  
6 1  
6 2  
6 3  
6 4  
6 5  
6 6  
6 7  
6 8  
6 9  
7 0  
7 1  
7 2  
7 3  
7 4  
7 5  
7 6  
7 7  
7 8  
7 9  
00 
8 1  
8 2  
8 3  
8 4  
8 5  
8 6  
8 7  
8 8  
t i9  
9 0  
9 1  
9 2  
9 3  
94 
95  
9 6  
97  
9 8  
3 9  

i c o  

9 .6391  
9.6361 
9.6331 
9.6301 
9 .6271 
9.6241 
9.6211 
9.6181 
9 .6151 
9.6121 
9.6091 

Y.6031 
9 ,6002 
9.5972 
9 .5942 
9 .5912 

9 .6061 

9.5882 
9.5852 
9 .5823 
9.5793 
9.5763 
9.5733 
9.5703 
9.5673 
9.5644 
9 .5614 
9,5585 
9.5555 
9 5 52 5 
9.5495 
9 . 5466 
9.5436 
9.5407 
9.5377 
9.5348 
9.5318 
9.5288 

9.5229 
9.5199 
9.5170 

9.5259 

9.5140 
Yo5111 
9.50Rl 
‘4.5C52 

G / G O  

- 9 8 2 9  

- 9 8 2 3  

- 9 8 1 7  

,9626 

. 9 w o  

- 9 8 1 4  
09811  
09808 
, 9 8 0 5  
,9602 
09799  

9 7 9 6  
09793  
09790 
09786 
,9783 
,978@ 
9 9777  . 9 7 7 4  
- 9 7 7 1  . 9768  
,9765 
- 9 7 6 2  
99759  
- 9 7 5 6  
,9753 
,9750 
,9747 . 9744  
,9741 
- 9 7 3 8  
,9735 
,9732 
- 9 7 2 9  

,9723 
,9720 
- 9 7 1 7  

09726 

09714  
9 9 7 1 1  
- 9 7 0 8  
,9705 
09702 
09699 

9696  
09693  

33.5706 
33 ,5602 
33.5497 
33.5393 
33 .5288 
33 .5184 
33 . 5 0 7 9  
33.4975 
33.4871 
33 . 4766  
33 - 4 6 6 2  
33 ,4557 
33.4454 
33 .4352 
33.4247 
33.4143 
33 ,4038 
33 .3934 
33 .3831 
33.3728 
33.3624 
3 3 , 3 5 1 9  
33.3415 
33 .3310 
33.3207 
33.3105 
33.30C2 
33.2899 
33.2795 
33.2690 
33.2558 
33 .2485 
33.2382 
33 .2279 
33.2177 
33 .2074 
33.1970 
33.1867 
33.1763 
33.1659 
33.1557 
33 . I 4 5 4  
33 .1351 
33.1248 
33 .1146 
33.1043 
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